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Preface

“Is there a chaotic world? To what extent? Mathematics, geometry or simply
chaos?”

The above questions arise time and time again when dealing with chaotic phenom-
ena and the related attractors and chaotic forms. During the lengthy preparation of
this manuscript, computers were used in the same way that geometers of old used
geometric tools. Simple or complicated ideas are designed, estimated and tested us-
ing this new tool. The result is more than 500 graphs and illustrations that fill the
pages in front of you.

Verbal explanations are kept to a minimum, and a lot of effort is devoted to ensur-
ing that the presentation of ideas progresses from the most elementary to the most
advanced, in a clear and comprehensible way, while requiring little previous knowl-
edge of mathematics. In this way, we hope that a more general audience will benefit
from the material of this book, especially from the large variety of chaotic attractors
included.

A lot of new material is presented alongside the classical forms and attractors
appearing on the literature on chaos. However, most of the illustrations are based on
new simulation methods and techniques. A rather lengthy introduction provides the
reader with an overview of the subsequent chapters, and the interconnection between
them.

Our inspirations came from various disciplines, including geometry from the an-
cient Greek and Alexandrian period (a great deal of which is taught in the Greek
school system), mathematics from the developments of the last centuries, astronomy
and astrophysics from recent developments (the Conference on Chaos in Astronomy
organized by George Contopoulos in 2002 was very stimulating) and the amazing
chaotic illustrations of Hubble and Chandra and the vortex movements from fluid
flow theory.

Chaotic theory is developing in a new way that influences the world around us,
and consequently also influences our ways of approaching, analyzing and solving
problems. It is not surprising that one of the central models in the chaos literature,
the Hénon-Heiles model, is presented in a paper with the title “The applicability of
the third integral of motion: Some numerical experiments.” Numerical experiments
in 1964 were the basis for many significant changes in astronomy in the decades that
followed. In 1963 Edwin Lorenz, in his pioneering work on “Deterministic Nonpe-
riodic Flow,” proposed a more prominent title for chaotic modelling, by including
the term “deterministic.” His work spearheaded numerous studies on chaotic phe-



nomena. Fifteen years later, Feigenbaum explored the rich chaotic properties of the
simple discrete Logistic model, known since 1845 following the work of Verhulst on
the continuous version of this model, and introduced scientists to the chaotic field.

Our intention in this work was to present the main models developed by the pi-
oneers of chaos theory, along with new extensions and variations to these models.
The plethora of new models that can arise from the existing ones through analysis
and simulation was surprising.

This book is suitable for a wide range of readers, including systems analysts, math-
ematicians, astronomers, engineers and people in any field of science and technology
whose work involves modelling of systems. It is our hope that this book will prompt
more people to become involved in the rapidly advancing field of chaotic models and
will inspire new developments in the field.

Christos H. Skiadas
Charilaos Skiadas
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Chapter 1

Introduction

1.1 Chaos in Differential Equations Systems

Four centuries ago, Newton and other scientists introduced the idea of determin-
ism in the mathematical representation of the real world. As a result, future events
in nature could be explained using knowledge of the past. The movements of stel-
lar bodies were assumed to follow predetermined paths according to laws that were
known or had to be discovered by the scientific community. The theory of deter-
minism also had theoretical support from philosophy and other scientific fields. It
would be difficult to say that determinism, as a general idea, can solve all problems
in nature. The scientists of the last few centuries followed this theory in order to
find rational routes in the construction of models. It was essential to simplify our
description of the world first, and only then to solve fundamental problems, instead
of entering into obscure paths of uncertainty and later on Chaos.

How then does one introduce a theory that goes against the perfect world of New-
tonian dynamics? Our solar system has been rotating for millions of years, and the
experience of the last centuries was in favor of determinism. The sun continues to
rise every day, the moon follows a four-week period, the stars of Ursa Major are
found every year in predetermined places. How and why could this perfect deter-
ministic world lose this certainty and lead a chaotic existence?

It was not easy to convince the scientific community to introduce uncertainty into
this deterministic world and accept chaotic theories. However, advances in applied
mathematics made this transition easier. At the end of the nineteenth century, the
Runge-Kutta method for numerical solutions to differential equations dramatically
improved our ability to get more accurate solutions for numerous models. It was a
real milestone in applied mathematics, especially for the study of highly non-linear
problems, for which the earlier method by Euler was not very accurate.

Following the introduction of the Runge-Kutta method, the paths traversed by a
stellar body could now be estimated quite efficiently. Although this method was
still quite laborious at those early days, it gave new directions in the way scientists
addressed various problems. Theory and practice could now equally benefit each
other.

It is no surprise that this change influenced even the French school, traditionally
the most theoretical of all, especially in mathematics and physics. Henri Poincaré,
one of the most prominent scientists in 19th century France, tried to resolve the
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famous three-body problem in a contest proposed by the King of Norway (Poincaré,
1890b, 1892). Although he succeeded in solving a special case of this problem,
namely the movement of a small mass around two larger masses revolving in two
dimensions, he noticed that the orbits of three bodies moving under a central force
due to gravity are quite complicated and can change drastically under small changes
of the initial conditions.

Nowadays we know that to solve this problem we need a set of more than three
coupled differential equations, and the paths of the solutions have a chaotic charac-
ter. Poincaré tried to determine solutions to the restricted three-body problem, when
one mass is very small relative to the other two. He understood that, even in this
simple case, the motion had still a very complicated form. He tried to explain the
phenomenon more generally and to establish a theory describing the chaotic paths of
the solutions to a system of differential equations: The three-dimensional solutions
to a system of non-linear differential equations could be chaotic. In stark contrast,
the two-dimensional paths do not exhibit a chaotic behaviour, as follows from the
famous Poincaré-Bendixson theorem: Chaos cannot occur in a two-dimensional au-
tonomous system.

To elaborate a bit, consider the two-dimensional autonomous system (1.1):

X = f(x,y)

1.1
y=9xy) (D

where X and j are the first time derivatives. The system (1.1) can take the form of a
two-dimensional equation for x and y:

dy  g(x,y)

dx  f(x,y)

and we can find phase paths in the plane describing the motion, directly from 1.2.
Assuming that we have determined the equilibrium points at which both f(x,y) =0
and g(x, y) = 0, the Poincaré-Bendixson theorem says that a phase path will either:

(1.2)

a) terminate at an equilibrium point,
b) return to the original point, resulting in a closed path, or
¢) approach a limit cycle.

Hence, there are no chaotic solutions. The system of differential equations (1.3)
illustrates all three cases:

J:c=—y(y—a)(y—b) (13)
y= x(x—a)(x—-D>b)

The resulting differential equation for x, y is:

% _ _x(x —a)(x-Db)
dx  yy-ay-b)
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This equation can be easily integrated, resulting in the solution:

x4+y4 3+y3 2 2

—w+mx3

where & is the constant of integration. The paths, with parameters equal to a = 0.8
and b = 0.3, are illustrated in Figure 1.1. There are nine equilibrium points, four
at centres four corners, four in the sides, and one in the middle of the figure. The
more complex paths pass from the four unstable equilibrium points at the sides. Such
systems, not chaotic in themselves but nonetheless not without interest, are further
discussed in Chapter 7.

FIGURE 1.1: The (x,y) diagram

On the other hand, the simplest three-dimensional non-linear system of differential
equations, the Rossler model (Rossler, 1976d)

X=-y-z
y= x+ey (1.4)
= f+xz—mz

easily produces chaotic paths for appropriate values of the parameters.

The Rossler system has only one non-linear term, in the last equation. However,
when the parameters have values e = f = 0.2 and m = 5.7, chaotic paths appear with
the form presented in Figure 1.2(a). The Rossler system, along with other interesting
three-dimensional systems, is examined in greater detail in Chapter 6.
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(a) The continuous case (x, y) (b) A discrete analogue

FIGURE 1.2: Continuous and discrete Rossler systems

1.2 Chaos in Difference Equation Systems

Radical changes in the behaviour appear when a system of differential equations is
replaced by a similar system of difference equations, or by a single difference equa-
tion with non-linear terms. For example, suppose we replace the Rossler system (1.4)
by a corresponding system of difference equations:

1
Xyl = Xp — 6(% +2;)

1
Y1 =Y t g(xt+1 + ey,) (1.5

21 =2 + 0.1 + expy1z4

Then, for parameter value e = 0.2, and iterating under the condition x,; = x, — 0.4,
an interesting chaotic form like a sea-shell results (Figure 1.2(b)).

For centuries the mathematical development of methods and tools of analysis con-
centrated mainly on differential equations, and not on difference equations. It is
therefore not surprising that the logistic model, the most popular chaotic difference
equation model today, was “invented” only in the last three decades. The logistic
model is described by a very simple equation:

X1 = bx(1 — x;) (1.6)

This very simple model already exhibits the key elements of chaotic behaviour. As
the parameter b increases, period doubling bifurcations occur, giving rise to stable
orbits of ever increasing size, culminating in completely chaotic behaviour. On the
other hand, the differential equation analogue of this model was very popular:

X =bx(1-x) (1.7)
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Equation (1.7), as expected, gives simple finite solutions without complications
and chaotic behaviour. This continuous model, called the logistic model, was applied
in demography by Verhulst already in 1838.

Chapter 2, further discusses models and the modelling process in general. Deter-
ministic, stochastic and chaotic models are introduced, along with chaotic analysis
and simulation techniques. The subsequent chapters deal with particular classes of
models, and their interesting behaviour.

1.2.1 The logistic map

Chapter 3 is devoted to a detailed analysis and simulation of the chaotic behaviour
of non-linear difference equations, starting with the logistic model. The logistic map
and its bifurcation diagram are presented. The bifurcation diagram exhibits the stable
orbit of the x values for each value of the chaotic parameter b. In the case of the
logistic model, the stable orbits become more and more complex as b increases,
culminating in the complete chaos observed for b close to 4.

Other models that are examined, and exhibit similar behaviour, are: the sinusoidal
model, the Gompertz model and a model proposed by May. Also, a class of models
with behaviour different than that of the quadratic maps are studied, the Gaussian-
type models. As can be seen clearly from the bifurcation diagrams of the logistic
(Figure 1.3(a)) and the Gaussian model (Figure 1.3(b)), there are clear differences
between the two classes of models, as well as some similarities in the chaotic win-
dows.

(a) Logistic (b) Gaussian

FIGURE 1.3: Bifurcations of the logistic and the Gaussian
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1.2.2 Delay models

Delay models are models where future values depend on values far in the past. For
instance, a simple delay equation is the delay logistic:

X1 = bx(1 = x-)

which is analysed further in Chapter 4, along with some variations and more com-
plicated models.

Delay models can be found in several real life cases when the future development
of a phenomenon is influenced from the past. The complexity of the delay system
is higher when the delay is large and the equations used are highly non-linear. Such
chaotic behaviour is expressed by a model proposed by Glass

Xt—m

10
I+x2,

Xi+1 = CXy +a

When the parameters are a = 0.2, ¢ = 0.9 and the delay m = 30, the Glass model
gives a very complicated graph in the phase space and chaotic time oscillations of a
very complex character (Figure 1.4(a)). Figure 1.4(b) presents the map of the delay
logistic, as well as the related oscillations, when the delay is m = 10. The chaotic
parameter is b = 1.2865.

(a) The Glass model (b) The delay logistic

FIGURE 1.4: Delay models

1.2.3 The Hénon model

In some cases a system of two difference equations is replaced by a single dif-
ference delay equation with the same properties. This is the case of the Hénon
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model (Hénon, 1976), which can be thought of either as a system of two difference

equations, or as a single delay equation. The model proposed by Hénon, which is
now considered one of the standard models in the chaos literature, has the form:

2
X1 =1 —ax; +y,

(1.8)
Y1 = bx;
The equivalent delay difference equation of the Hénon system is:
X1 =bx_1+1 - ax,2 (1.9)

For parameter values a = 1.4 and b = 0.3 the famous Hénon attractor is formed
(Figure 1.5(a)).

(a) The Hénon attractor (b) The Holmes attractor

FIGURE 1.5: The Hénon and Holmes attractors

Another model, with very interesting properties, was proposed by Holmes (Holmes,
1979a):

X1 = bx_y +ax, - x; (1.10)

Fig 1.5(b) presents the Holmes model when the parameters take the valuesa = 3,6 =
0.8.

The Hénon model, along with other related models, extensions and variations,
such as the Holmes model, are presented in Chapter 5.
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1.3 More Complex Structures
1.3.1 Three-dimensional and higher-dimensional models

A number of interesting three-dimensional models are studied in Chapter 6. These
include the Lorenz (Lorenz, 1963) and Rdossler models, the autocatalytic and Ar-
neodo (Arneodo et al., 1980, 1981b) models, and their extensions and variations.
3-dimensional views of the Lorenz and autocatalytic attractors are illustrated in Fig-
ures 1.6(a) and 1.6(b) respectively.

(a) The Lorenz attractor (3-d) (b) The autocatalytic attractor

FIGURE 1.6: The Lorenz and autocatalytic attractors

We also examine a four-parameter model of chemical reactions, which gives rise
to a rich variety of chaotic patterns. A two-dimensional view of this chaotic at-
tractor, along with the time development of one-dimensional oscillations, appears in
Figure 1.7.

1.3.2 Conservative systems

In Chapter 7, we consider conservative systems, that is, systems that have a non-
trivial first integral of motion, and in particular Hamiltonian systems. The existence
of a first integral of motion provides enough information to draw the phase portrait of
the system in cartesian coordinates. The resulting patterns exhibit a varying degree of
symmetry, depending on the equations of the system. Figure 1.8 shows an example
of two of the forms analysed in this chapter.
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FIGURE 1.7: A chemical reaction attractor

FIGURE 1.8: Non-chaotic portraits
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1.3.3 Rotations

Chapter 8 is devoted to rotations, reflections and translations, and the chaotic
forms and attractors that these give rise to. The models in this category are char-
acterized by the presence of rotations and translations, as well as non-linear terms,
in the system equations. For appropriate values of the parameters, these models give
rise to chaotic patterns and attractors. The most popular of these is probably the
lkeda model (Ikeda, 1979) (equations (1.14) and (1.13)).

Rotation models express a large variety of systems in various disciplines. A simple
rotation in the plane, followed by a translation, does not in itself lead to chaotic
forms. The rotation equation, in its usual form, is based on linear functions such
as (1.11):

X+1 = X €08(6) — y, sin(6y)
. (1.11)
Yre1 = X; sin(0y) + y; cos(6;)

However, the introduction of non-linear terms in system (1.11) gives chaotic so-
lutions. First of all, let us consider the effect of adding a quadratic term in both
equations. The system then becomes non-linear:

Xt+1 = Xy cos(@) — y, sin(6) + x,2 sin(6) (1.12)
Yr+1 = X; 8in(0) + y; cos(6) — x,2 cos(6) ’

When the rotation angle is stable, § = 1.3, the system gives an interesting two-
dimensional map with chaotic regions and islands of stability inside these regions
(Figure 1.9).

FIGURE 1.9: A rotation chaotic map

Another way to add non-linearity is to assume that the rotation angle 6 is a non-
linear function, as is the case of the famous Ikeda attractor. The model is based on
a system of two rotation equations with a translation parameter a added to the first
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equation, a space parameter b, and a non-linear rotation angle of the form:

d
h=c—-———— (1.13)
1+ x5 +y;
The rotation-translation system in this case takes the following form:
X+1 = a + b(x; cos(6;) — y; sin(6
t+1 (x; cos(6;) — y; sin(6;,)) (1.14)

Y1 = b(x; sin(6;) + y; cos(6;))

This system was first proposed by Ikeda (1979) to explain the propagation of light
into a ring cavity. The parameter values in that case where a = 1,b = 0.83,c = 0.4
and d = 6, and they give rise to a very interesting attractor illustrated in Figure 1.10.

FIGURE 1.10: The Ikeda attractor

This map has Jacobian J = b>. When b < 1 several chaotic and non-chaotic
patterns can be seen in the various simulations, some of which are illustrated in
Chapter 8.

The properties of the chaotic maps in this category are so rich and often unex-
pected. The shape of the Ikeda attractor in the previous standard form depends on
the selection of the values of the parameters. By varying these parameters, very inter-
esting new forms appear. A wide variety of these forms are presented and analysed
in Chapter 8. Two of these attractors are illustrated in Figures 1.11(a) and 1.11(b). In
Figure 1.11(a) an attractor pair appears. The parameters are a = 6, b = 0.9, ¢ = 3.1
and d = 6. In Figure 1.11(b), only the parameter c is changed (c = 2.22). Now three
images of the attractors are present.
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(a) A double Ikeda attractor (b) A triple Ikeda attractor

FIGURE 1.11: Ikeda attractors

1.3.4 Shape and form

In Chapter 9 we study how chaotic analysis can be used as a tool to design forms
that appear in physical systems. Such an analysis is useful in the scientific field re-
lated to shape and form. Even the most strange chaotic attractors and forms can have
real significance, especially in biological systems but also in fluid flow or in crys-
tal formation. The analysis of these systems has moved from the classical analysis
concerning simple and regular forms to chaotic analysis. The aim here is to go be-
yond the classical stability analysis. We try to find mechanisms to design simple or
complicated and chaotic forms, and to pass from a qualitative to a quantitative point
of view. The sea-shell formation illustrated earlier in this chapter is one case of an
attractor with a special shape. The equations used are 3-dimensional and the original
inspiration comes from the Rossler model.

The main tools for shape formation are rotation and translation, as in the Ikeda
case above, but also reflection with translation, based on the following set of equa-
tions:

Xi11 = a + b(x; cos(26,) + y, sin(26,))

Yre1 = b(x, sin(26,) — y, cos(26,)) (1.15)

If the same function as in the Ikeda case is used for the angle 6,

d
h=c-T"5—>
1+ x5 +y;
then we obtain an attractor (Figure 1.12(a)) which is divided in two new separate
forms (Figure 1.12(b)). The parameters in the first case are a = 2.5,b = 0.9,¢ = 1.6
and d = 9. In the second case, @ = 6 and the other parameters remain unchanged.
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The centres of the two attractors are located at:

(x,y) = (a,0) and

(x,y) = (a + ab cos(8), ab sin(H))
where 0 = ¢ — 5 +da2' The reflection attractor is on the left side of Figure 1.12(b).
These cases simulate the split of a vortex in two separated forms. The parameter a is
quite higher than in the previous case.

(a) Reflection with 1 image (b) Reflection with 2 images

FIGURE 1.12: Translation-reflection attractors

The rotation equation (1.14), applied to the Ikeda case, but now with b = 1, is a
space-preserving transformation. Interesting forms arise assuming that the rotation

angle is a function of the distance r; = 4/x? + y?>. For instance, when

d
01:C+_2

r

we obtain the form illustrated in Figure 1.13(a). There is a symmetry axis at x =
and one equilibrium point in the central part of the figure, located at (x, y,+1)
(‘%, yt). The five equilibrium points in the periphery are of the fifth order: (x;.s, yi15) =
(X, y1). One of these points is also located on the x = 5 axis, whereas the other four
are located in symmetric places about this axis. The parameters are a = 3, ¢ = 1 and
d=4.

Furthermore, the Ikeda model with b = 1 provides interesting forms with the same
axis of symmetry, x = . Figure 1.13(b) illustrates this case with parameter values
a=1,c=5andd = 5. In the figure there are two pairs of second-order equilibrium
points, five fifth-order and eight eight-order equilibrium points.

Il v
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(a) Fifth-order symmetry (b) Multiple-order symmetries

FIGURE 1.13: Symmetric forms

In Chapter 9, several symmetric and non-symmetric forms are presented and anal-
ysed. The following figures illustrate a symmetric chaotic form before the separation
step (Figures 1.14(a) and 1.14(b)), in the intermediate stage (Figure 1.14(c)), and af-
ter the separation of the chaotic form into two symmetric forms (Figure 1.14(d)).
The parameters are b = 1, ¢ = 2.85 and d = 16, and the parameter a takes the values
a = 18, 35, 45 and 55 respectively. The rotation iterative procedure is used, with
rotation angle 6, = ¢ + %

Another category of patterns includes forms which we call “flowers.” By using
the rotation formula with rotation angle

9t=C+

Y

7

and with parameter values b = 0.9,a =c =d = 27”, k = {—2 and 6 = 2, the graph in

Figure 1.15(a) appears. When a = %’ c=d= 27” and ¢ = 3, Figure 1.15(b) results.

1.4 Chaos and the Universe
1.4.1 Chaos in the solar system

Complicated and even chaotic orbits and paths in the solar system are studied
and simulated in Chapter 11. Objects in the solar system mainly follow circular or
elliptic orbits around a centre of mass. In this case the simulation can follow a purely
geometric approach. To simplify the problem the centre of mass is assumed to be
located in the centre of the large mass. The attracting force is, of course, gravity, and
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(a) One symmetric form (b) Starting separation

(c) First separation stage (d) Final separation stage

FIGURE 1.14: Separation of chaotic forms
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(@s6=2 b s=3

FIGURE 1.15: Flowers

is presented by an inverse square law of the distance. The non-dimensional equations
of motion for a body with small mass m rotating around a large body with mass M,
which we consider to stay in equilibrium position, are, in Cartesian coordinates:

X

3/2

(2 +y2)”
y

- 3/2
(@ + )"

(1.16)

The initial conditions are x = 1, y = 0, x = 0 and § = v. The escape velocity is
y = «/E, and the circular orbit is obtained when v = 1. The circular orbit is illustrated
in Figure 1.16(a). In the same figure, an elliptic orbit is presented, where the initial
velocity is 1 < v = 1.2 < V2. A hyperbolic orbit is also presented. The initial
velocity is higher than the escape limit (v = 1.45 > V2) and the particle flies off to
infinity. Figure 1.16(b) illustrates a large number of elliptic paths for the same value
of the initial velocity as before. The paths remain in the same plane, but deviate from
the original position, forming the shape presented in the figure.

The motions of two attracting point masses are relatively simple. The equations
of motion for the point mass m in Cartesian coordinates are:

__ (x1 = X2)my
((x1 = x2)% + (g1 — y2)»)"?
(Y1 — y2)my (117

hr=- 32
((x1 =322 + (1 = 92)2)”

Analogous is the case for the point mass m,. The gravity constant is G = 1 and
the total mass of the rotating system is M = m; + m,. If we give the two masses
initial positions (xy, y;) and (x2, y»), and initial velocities Xy, i, X, and ¥, then the
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(a) Circular, Elliptic and Hyperbolic orbits (b) Many elliptic orbits

FIGURE 1.16: Orbits in two-body motion

masses revolve around each other while drifting together, as a pair, through space.
Their centre of mass drifts at a constant velocity. Relative to an observer moving
with the centre of mass, their orbits are ellipses and, in special cases, circles. The
motion of two attracting points in space is presented in Figure 1.17(a). The heavy line
represents the movement of the centre of mass. The masses revolve around the centre
and drift together. The points have masses m; = 0.4,m, = 0.6 and initial velocities
X1 = —0.15, x, = 0, §; = —0.45 and s, = 0.25. The same motion, viewed relative
to the centre of mass, is illustrated in Figure 1.17(b). Each point-mass follows an
elliptic path.

(a) Attracting bodies in space (b) Relative movement

FIGURE 1.17: Motion in the plane
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The three-body problem, reduced to the plane, still gives very complicated and
chaotic orbits. To simplify the problem we assume that the third body, a satellite, is
of negligible mass relative to the other two bodies. The other two, the planets, travel
around the centre of the combined mass in circular orbits in the same plane. The
satellite rotates in the same plane. The total mass of the planets is m; + my = 1. The
equations of motion for the satellite then are:

Cmi(x—x)  ma(x - X)
372 32
ry r

_ m-y) m-p) (18

32 32
r r2

where (x, y) is the position of the satellite, r;, r, are the distances of the satellite from
the two planets, m,, m, are the masses of the two planets, and (x;, y;) and (x, y») are
the positions of the planets at the same time ¢.

In the following example the planets have masses m; = 0.9, , my = 0.1, and the
position and initial velocity of the satellite are (—1.033, 0) and (0, 0.35) respectively.
The complicated and chaotic paths are illustrated in the following figures. In Fig-
ure 1.18(a), the movement is viewed from the outside of the system, from space. It
shows that the satellite can move between the two revolving planets. Figure 1.18(b)
illustrates the orbit of the satellite viewed in a coordinate system that rotates with the
revolution of the planets (rotating frame), with the X-axis always passing through the
planets according to the rotation formulas:

X = xcost+ysint
. (1.19)
Y = —xsint + ycost

(a) Motion in space (b) Motion in a rotating frame

FIGURE 1.18: Motion in space
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By using difference equations to model solar systems, it is possible to simulate
chaotic patterns like the rings of Saturn and other planets. The simplest approach is
to use an equation like the logistic, and to assume that the system rotates following
elliptic orbits. Two realizations appear in the next figures. The parameter of the
logistic model is b = 3.6 for Figure 1.19(a) and b = 3.68 for Figure 1.19(b). The

rotation formula is:
X, = 2r,cost

1.20
Y; = 2r,sint ( )

where r.1 = br,(1 —rp).

(a)b=3.6 (b) b =3.68

FIGURE 1.19: Ring systems

1.4.2 Chaos in galaxies

The underlying literature on galactic simulations deals mainly with the N-body
problem and related simulations. The approach to the N-body problem follows some
simplifications. The majority of the models we examined are based on numerical
integration of the equations of motion for N mutually interacting particles with equal
masses, which follow a steady rotational motion.! The acceleration of the i-th parti-
cle is:

ISee Sellwood (1983, 1989); Sellwood and Wilkinson (1993).
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The cutoff radius r. greatly simplifies the numerical computation by eliminating
the infrequent, but very large, accelerations at close encounters. The gravity constant
and the mass of each particle are set to 1. When N is large, the main computational
problem is the large number (ec N(N — 1)) of operations required to determine the
accelerations.

When a small perturbation is applied to the rotating system, familiar galaxy forms
appear after some iterations. The details are presented in Chapter 11. Two character-
istic examples of these forms are the two-armed spirals illustrated in Figures 1.20(a)
and 1.20(b). The simulations start from an elliptic disk with different density dis-
tribution. In Figure 1.20(b), the high central density leads to the formulation of a
barred spiral form.

(a) Two-armed spiral (p = %, ¢ =100) (b) Barred spiral (p = <, ¢ =200)

FIGURE 1.20: Spiral galaxies

Another approach to producing a spiral pattern formation is based on the elliptical
epicycle that a star follows around its guiding centre. According to the theory of
kinematic spirals, the oval orbits are nested to form a two-armed spiral pattern of
a galaxy.? The simulation results, illustrated in Figure 1.21(a), are based on the
following equation in polar coordinates (r, 6):

R.‘/
r =
1+ acos(n(5 — 5R, + ¢))

The values of the guiding centre are 0.2 < R, < 1. The parameters are a =
0.08, n = 2 for the two-armed spiral and a = 0.15, n = 1 for the one-armed spiral
(Figure 1.21(b)).

2See also Sparke and Gallagher (2000).
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(a) Two-armed spiral (b) One-armed spiral

FIGURE 1.21: Spiral galaxies

Recent discoveries of new galaxies, intergalactic forms, planetary nebulae, black
holes and other objects give inspiration for new simulations of the large variety of
observed forms and shapes. The questions about black matter and how it influences
the movement and shape of galaxies and other objects change our approach to model
building and the related simulations of galactic forms. In many instances, the galactic
forms arise by using very simple models and simulation tools. The forms presented
below arise from the reflection iterative formula (1.20) with parametersa = 1,b = 1,
and rotation angle:

0, =c- %
rt

The reflection procedure leads to mirror image symmetric shapes. In some in-
stances a central chaotic bulge is created. Figure 1.22(a) illustrates the beginning of
the mirror image formation, whereas in Figure 1.22(b) the central bulge is already
present. The outer part has the form of an electromagnetic field. In both cases the
parameter c is set to 1.6, while the parameter d is 35 for Figure 1.22(a) and 200 for
Figure 1.22(b).

When d = 800, the reflection image takes the form presented in Figure 1.22(c).
There is a central-bulge connected with the outer periphery by two symmetric routes.
Figure 1.22(d) also illustrates a case where d = 800, but now a = 0.6. In this case,
only the central bulge remains, while the form in the outer region is just beginning
to take shape.

Rotations, reflections and translations with appropriate selection of the equation
of the rotation angle give rise to a plethora of galaxy formations. Figure 1.23(a)
illustrates a simple spiral pattern with one companion, whereas in Figure 1.23(b)
two spiral galaxies with two companions appear. In both cases b = 0.9,¢c =2,d = 6,
and a is 0.3 for Figure 1.23(a) and 5 for Figure 1.23(b). The rotation angle in both
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(@)d =35 (b)d =200

(c)d =800 (d) d = 800,

FIGURE 1.22: Reflection forms

a=0.6
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case is given by:

d
gr=C+—
Iy

(a)a=03 (b)a=5

FIGURE 1.23: Spiral Patterns

1.4.3 Galactic-type potentials and the Hénon-Heiles system

Contopoulos (1958, 1960, 1965) explored the box-like paths of a body in a galactic
potential, and found that the orbits in the meridian plane of an axisymmetric galaxy
are like Lissajous figures. In his book (Contopoulos, 2002), Contopoulos explains
that in 1958 he expected the orbits to be ergodic and fill all the space inside the
energy surface. Instead, he found that the orbits did not fill all the available space,
but instead filled curvilinear parallelograms, as in the case of deformed Lissajous
figures. Later he could prove (Contopoulos, 1960) that such orbits can be explained
both qualitatively and quantitatively by a formal third integral of motion.

The work of Hénon and Heiles (1964) on galactic motion is the first complete work
that establishes the existence of chaos in galaxy formations. It provided considerable
evidence of the existence of chaotic motions in galaxies. Their work started as a
computer experiment in order to explore the existence and applicability of the third
integral of galactic motion. Chapter 12 is devoted to this work of Hénon-Heiles and
Contopoulos.

The works of Contopoulos and Hénon-Heiles are examples of what we will call
computer experiments. This new type of experiments gave new directions in various
scientific fields, and especially in astronomy. Sometimes the computer results were
surprising and contradicted the existing theories of that time.
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The Hamiltonian applied by Hénon and Heiles (1964) has the form

1 1 27
11:§u2+f)+§(ﬁ+y2+2ﬁy—%§)=h (1.21)

So the potential U(x, y) that is used has the form:

1 2y°
Ulx,y) = E(x2 + 7+ 2x%y — %)

or in polar coordinates:
1 1
Wn@=§#+§ﬂmmw)

(a) The original Hénon-Heiles (y, i) dia- (b) A discrete alternative (E = 1/12)
gram

FIGURE 1.24: Hénon-Heiles systems

We have reproduced here, via computer simulation, the original figure Figure 1.24(a)
presented in the Hénon-Heiles paper. Hénon and Heiles estimated the paths of a par-
ticle according to the Hamiltonian (1.21) at the energy level E = h = 1/12, and then
they provided the (y, y’) diagram when x = 0. In this low energy level mainly regular
orbits appear. At a higher energy level chaotic regions are formed.

A discrete alternative of the Hénon-Heiles model results in the image presented
in Figure 1.24(b) for the energy level E = 1/12. In this case, ¢ = 0.1. The discrete
model is based on the following set of equations:

Xnel = CXp + Uy
Yn+l = CYp + Uy
Upy1 = —Xp — 2Xn+lyn+1

(1.22)

— 2 2
Unt1 = —Yn = Xpyy + Yn+1
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The Jacobian of the system (1.22) is:
J=1+2(c— Dy +4c— D (2, +y2,))

It is obvious that for ¢ = 1, J is 1, and therefore the space-preserving property
is satisfied. However, when c takes values less than 1, very interesting figures arise
(c = 0.1 in Figure 1.24(b)). The similarities with the Hénon-Heiles system (Fig-
ure 1.24(a)) are obvious.

FIGURE 1.25: A two-armed spiral galaxy

Two-armed spiral galaxy forms can be obtained from simulations of very sim-
ple models. The two-armed spiral galaxy in Figure 1.25 is produced by using the
following rotation model:

Xn+1 = b(x, cosa — y, sina) + xi sina (123)
Ynt1 = b(x, sina + y, cosa) — x,zl cosa

In this case, a = 0.2 and b = 0.9. Since the Jacobian is J = b2, b is an area
contracting parameter.

The Hénon-Heiles system gives also interesting paths in the (x, i) plane. The paths
are characterized by the level of potential. The form of the potential is triangular.
Totally chaotic trajectories is illustrated in Figures 1.26(a) and 1.26(b). The energy
level in both cases is E = h = 1/6, which is the escape limit. For this limit the
equipotential triangle is drawn. All the (x, y) paths of the particle will be restricted
inside the triangle. The initial values are (x,y) = (0,0), and v = 0.1. The value of u,
0.5668627, is estimated so that the value of the Hamiltonian is & = 1/6.

1.4.4 The Contopoulos system

A Hamiltonian with a “galactic-type” potential was first introduced by Contopou-
los (1958, 1960) in his pioneering work on galaxies. The potential is based on the
addition of two harmonic oscillators, along with higher order terms. The resulting
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(a) A chaotic path over a long time period (b) A chaotic path over a short time pe-
riod

FIGURE 1.26: Chaotic paths in the Hénon-Heiles system (E = 1/6)

form is

Ux,y) = (w%xz + w%yz) - exy2

N =

with corresponding Hamiltonian:
1
H= §(u2+02)+ Ux,y)=h
Without loss of generality this Hamiltonian can be simplified to give the form:

H = (u2 +v2)+ %(k2x2 +y2)—exy2 = %

| =

where u, v, x, y, e have been rescaled, and k = w; /w, is the important resonance ratio.
The equations of motion are given by:

= —(;;—U = —k*x — 2ey?
X
U (1.24)
=——=  y-—2exy
27

Resonant orbits, characterized as 4/1 (left image) and 2/3 (right image), are illus-
trated in Figure 1.27. For the 4/1 case the parameters are ¢ = 0.1 and k = w;/w, =
4/1, and the initial conditions are x = 0.2, y = 0, u = 0 and v = 0.6. For the 2/3
case the parameters are e = 0.1 and k = w;/w, = 2/3, and the initial conditions are
x=0.1,y=0,u=0and v = 0.9977753.
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FIGURE 1.27: The Contopoulos system: orbits and rotation forms at
resonance ratio 4/1 (left) and 2/3 (right)

1.5 0Odds and Ends, and Milestones

The book ends with Chapter 13, which is a collection of interesting systems of or
variations on systems, including the effect of introducing noise into models, and an
extensive discussion of the very interesting Lotka-Volterra system. The interesting
images of Section 13.6 could certainly be considered as works of art. We hope they
will act as an inspiration for future researchers.

The history of chaotic modelling is quite complex. A “milestones” table in Chap-
ter 14 should provide a useful reference for future reading.






Chapter 2

Models and Modelling

2.1 Introduction

For many years scientists from all fields have been trying to describe the real
world by constructing logical forms of varying complexity, called models. The pro-
cess of selecting the main characteristics of a real life phenomenon and finding the
basic mechanisms that describe the development of the phenomenon is called mod-
elling, or also model building. Since the beginning of time, humans have been using
models to understand the real world. The development of language enabled man to
form important verbal constructs. These verbal constructs became the first models,
expressing not just real objects, but also abstract ideas and innovations. Ancient
Greeks established the first schools and academies, in order to encourage learning
and to enhance the dissemination of information and exchange of ideas on scientific
model building; a process known as dialectics, or more commonly philosophy.

Mathematical model building was also studied in Ancient Greece, mainly as a
subset of geometry. Calculus and analysis came many centuries later. Nevertheless,
their foundations can be found in the Pythagorean theory of fractions and in the
Archimedean theory of polygonal approximations. Indeed Newton’s “Method of
Fluxions,” where his treatment of calculus is presented, also includes a section on the
“Applications on the Geometry of Curve-Lines.” His explanation of Kepler’s second
law of planetary motion, as described in his famous letter to Halley,' is reminiscent of
Archimedes’s computation of the area of the circle by inscribed polygons. The paper,
titled “De motu corporum in gyrum,” is based on a purely geometric formulation of
a model describing planetary motion.

In this book we analyse models that are expressed in mathematical terms. All
the models we will examine fall under two categories, differential equation models
and difference equation models, also called maps. During the modelling process,
the standard methods of linear and non-linear analysis are extensively used. We pay
particular attention to the methods of non-linear analysis based on singular points,
equilibrium points and characteristic trajectories, and eigenvalues of the Jacobian,
the characteristic matrix of the system.

ISee the introduction in Acheson (1997).

29
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2.2 Model Construction

Models are approximations of reality. In some cases, they describe the real sit-
uations quite well. However, the exact form of a model is not always possible to
determine. The modelling process thus proceeds in two steps. First, a general form
for the model is provided, typically in the form of a modelling function. This func-
tion will depend on some unknown parameters, initial conditions, and possibly other
special characteristics, and thus can describe a number of different situations. The
second step in the process is the estimation of these parameters so that the model
approximates the real situation to the best of its potential a process typically known
as “model fitting.” In this section we will see numerous methods commonly used for
constructing models.

2.2.1 Growth/decay models

An important general class of modelling functions are the so called Growth Func-
tions. These are functions that express the growth of a system or of some special
characteristics of a system, and they have, in general, a positive first time derivative.
Similarly, functions with a negative first derivative would express the decline of a
system, and would in general describe a decay process. The mathematical treatment
in both cases is very similar.

It is important here to emphasise that one needs to strike a balance between the the-
oretical constructions of models, and the practical application of these models in real
situations. Practical applications that lack a theoretical background do not contribute
much to the development of any scientific field. A purely theoretical approach, on the
other hand, becomes relevant only when supported by related applications (Skiadas,
1994; Skiadas et al., 1994).

Growth functions can be described in a number of different ways. We discuss
some of these ways in the sections that follow.

2.2.1.1 Differential equation models

Models based on differential equations have been extensively used ever since the
invention of calculus. In such models, the system under consideration is described
by one or more functions that satisfy a system of differential equations. Thus, one
doesn’t always have a closed formula for the function, but a number of simulation
and approximation techniques are available.

During the modelling process, one usually agrees upon the general form of the sys-
tem, based on general considerations of the form of the solutions, and the expected
behaviour of the system. One then proceeds to estimate the parameters involved, and
to study the effect that these parameters have on the behaviour of the solution.

The most widely used growth/decay model is the exponential model, where the
rate change of the system is proportional to the system’s current state. This can be
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described by the simplest first order differential equation:
X =bx (2.1)

Here, as in the rest of this book, we will use Newton’s notation, x, for the time
derivative of x:

DN Ox

ot

In equation (2.1), b is the model parameter that needs to be specified. Positive
values of b will give rise to growth functions, while negative values will describe
decay functions.

Sometimes systems such as (2.1) can be explicitly solved. In this particular case,
as is typically shown in any calculus class, the solution is the familiar exponential
function:

x(f) = x(0)e”

Often such an explicit description is not possible, and one has to rely on other quan-
titative and qualitative techniques for describing the solutions.

2.2.1.2 Difference equation models

Difference equations are the discrete analog of differential equations. The time
parameter ¢ is here assumed to be taking only discrete, values: t = 0, 1,2, ..., corre-
sponding to consecutive stages of the system, referred to as steps. The time derivative
is then replaced by a finite time difference:

dx N Ax X1 — X
drt ~ At (t+ D) -1

= X+l — Xt (2.2)

The “rate of change” thus becomes simply the change in the system from the one
stage to the next.

A difference equation is then nothing more than an algebraic relation between x;
and its successors, X1, Xs42, . . ., Of if you prefer of x;,; and its predecessors. These
difference equations are referred to as maps in the chaotic literature. For instance,
equation (2.1) has the following discrete analog:

Xes1 — X = bx;

or more simply:
Xey1 = bx; (2.3)

In difference equation systems, closed form solutions can sometimes be obtained
by recursion and induction. For equation (2.3), this can be readily achieved and the
solution is

X; = xob' (2.4)
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which, as you will notice, greatly resembles the differential equation solution.?

2.2.1.3 Stochastic differential equations

The growth or decline of a system expressed by a variable x;, over time can often
be formulated by two components:

1. The growth part or infinitesimal growth, u(x, t) dt
2. A measure expressing the infinitesimal fluctuations, o(x, t) dw,

A combination of these two components provides a stochastic differential equation
of the general form:
dx(?) = u(x, 1) dt + o(x, t) dw, (2.5)

where the growth function x = x(¢) can, without loss of generality, be considered to
be bounded (0 < x(¢) < 1),? the functions u(x, t), o(x, 1) are to be specified, and w; is
the standard Wiener process (Wiener, 1930, 1938, 1949, 1958).

Every stochastic differential equation has a deterministic analogue, where the fluc-
tuations are assumed to be zero:

dx(?) = u(x, nde

In many applications, the growth rate x = ‘é—’; is a function only of the magnitude x of

the system, and not of time. Hence the deterministic analogue takes a much simpler
form:

dx(7) = p(x)dr

2.3 Modelling Techniques

We will now discuss several general techniques for model construction. Series
approximation (section 2.3.1) can help us reduce a complex system to a much simpler
one that closely resembles it. It is a technique that we will use many times throughout
the book.

The most common source of models is the close investigation of real situations,
and we discuss this process in section 2.3.2. In section 2.3.3, the Calculus of Varia-
tions approach is discussed, with its source in the Lagrangian reformulation of clas-

2In fact, if we keep in mind that the b in (2.3) here corresponds to the 1+b of (2.1), we can rewrite (2.4)
as
tIn(1+b) bt

x: = xo(1 + b)' = xpe ~ xp€

for small values of b.

3Since the system can be rescaled, so that x(f) measures the percentage of the current state of the
system over its “maximum state.”
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sical mechanics. Diffusion equations are discussed in section 2.3.4. Finally, sec-
tion 2.3.5 discusses delay differential equations, that have the ability to express the
delay in propagation of changes inherent in many natural and social systems.

2.3.1 Series approximation

When the function x; describing a system takes values close to a particular point,
then one can approximate a complex model by expanding the functions in the sys-
tem in a Taylor series around that point. This method often gives sufficient results
when the original model is simple, smooth and continuous, and the derivatives of the
general equation of the model exist. As an example, consider a differential system of
the form:

X = f(x) (2.6)
where f(x) is a reasonably behaving function of x. If we are interested in values of x
near 0, then we can replace f with the first couple of terms of its Taylor expansion:

f(x)=ap+ax+ ax’ + a3x3 fagpxt+oon 2.7

Here the coefficients of the expansion can be readily interpreted as the derivatives
of fat0:
_ ")

n!

n

As an example of this approximation process, if we replace f in (2.6) by its linear
approximation, and possibly after replacing x by x + ¢, we obtain the exponential
model:

X=ax

In the majority of cases, using only the first (direction), and possibly second (cur-
vature), derivative terms provides an adequate approximation to f, and hence to the
model. Thus, it is not surprising that systems where f is a quadratic polynomial
approximate very well other more complicated systems. Of course, if necessary, the
higher terms of the Taylor expansion may also be used.

Often even this quadratic form can be simplified further. Symmetry of the system,
quite common in physical systems, often leads to important simplifications of the
approximation, and can lead directly to an expression of the model equation. For
instance, if the x-space is isotropic,* we are led to the functional equation:

J) = f(=x)

Since the odd derivatives of an even function vanish at 0, the expansion (2.7), can
be simplified to:
f(x) = ag + arx® + agx* + - (2.8)

4j.e. fis symmetric around the origin.
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Probably the most well-known example of this type is the equation for the kinetic
energy of a mass. If f(v) represents the energy of the system, then a good approxi-
mation for small v (close to 0) would be:

f) = ag + a’
The two terms can be identified physically as the energy at rest

J(0) = ag

and the kinetic energy
Jxin = av’ = %mv2

On the other hand, economic, social and biological phenomena do not have this
isotropic property. The same lack of symmetry holds for the time space, and the
relevant Taylor approximations tend to include a linear term as well. The constant
term in such a system can often be assumed to be zero.> Hence, a simple approx-
imation will involve linear and quadratic terms. This approximation gives rise to a
differential equation known as “The Logistic,” first proposed by Verhulst (1845) to
model the population growth in France. Later on, Pearl and Reed (1920) applied this
model to express the population growth in the United States.

The logistic differential equation has the simple form

% = bx(1 - x) (2.9)

where x is the population at the present time, over the maximum level that the popu-
lation could reach in the future. In other words, x is the saturation level.
To see how equation (2.9) follows naturally from (2.6) through the process of a
Taylor series approximation, consider that x is restricted in the interval [0, 1]. We
1

can consider the value x = 5 where the population is at half its potential as the

centre, and assume that the system will exhibit symmetry around x = % In that case,
the Taylor approximation to the second order would be:

2
f(X)=ao+a2(x—%) =(a0+%)—az(x—x2)=a+bx(l—x)

Here a is the rate of growth of the population when the population is at x = 0 or
x = 1, so we can reasonably assume that a = 0. The other parameter, b, is related to
the growth rate at x = % We are thus led to equation (2.9).

Equation (2.9) is a separable differential equation, and so can be easily solved

explicitly, by rewriting it as

dx = bdt

x(1—x)

SFor instance in birth processes or innovation diffusion cases.
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The solution then would satisfy:
—In(1 —x) +In(x) =bt +C

This last equation can be rewritten in the final form:

Xo ebz

1+xo(e”=1)

x(t) = (2.10)

The graph of (2.10) exhibits a very characteristic smooth sigmoid form (Fig-
ure 2.1).

Xoet

- 1+x0(eb—1)

x(t)

X0 f----=-==-=-===-=-=-=-=--

FIGURE 2.1: The solution to the logistic equation

A difference equation whose form closely parallels that of equation 2.9, but whose
behaviour is a lot more interesting, also goes under the name “logistic’:

X1 = bx, (1 = x) (2.11)

The behaviour of the solutions to (2.11) depends on the value of the parameter b.
When b < 3, they follow a discrete sigmoid form. However, when b > 3 chaotic
oscillations appear. The oscillations become progressively more chaotic as b ap-
proaches 4. The behaviour of the solutions of the discrete logistic will be explored
further in Chapter 3.

The correct difference equation analogue to (2.11), using the approximation of the
first derivative by a finite difference as in (2.2), is:

Xep1 = X+ bx (1 — x;)

Various second, third and higher order forms of differential and difference equa-
tions models can be constructed with similar methods as above. These equations
may in some cases exhibit chaotic behaviour. These models will be examined more
closely in subsequent chapters.
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2.3.2 Empirical model formulation

In many cases in Physics, Biology, Economics, Marketing, Forecasting, efc, the
construction of an appropriate general model follows by the empirical investigation
of realistic situations. For instance, when the growth rate x is assumed to be propor-
tional to the magnitude x of the system, then we end up with the exponential model
discussed on page 31. Another example is based on the relative growth rate

g - d%lnx — (Inx) =g

where y, the relative magnitude of the system, is defined as

dx
y= | —=Inx
X

and can be approximated by
Ax

yx ) —
X

That is, the relative magnitude y is a measure of all the relative changes of the system
from its original formation until its current status.

In this case, the standard measure of growth is the relative magnitude of the sys-
tem, which is assumed as the metric scale of the system. This assumption leads to
a convenient model construction especially when systems measured in completely
different scales are to be compared. Examples of using the relative magnitude of
the system as the standard measure are the Gompertz, Gaussian and Gamma models,
whose descriptions follow.

2.3.2.1 The Gompertz model

The simplest assumption about the relative growth rate is that it is constant. This
leads us to the exponential growth model f = b discussed already. However, as it is
reasonable to expect that a system has limits to its growth, it would be more realistic
to assume a declining relative growth rate. Assuming that this decline is proportional
to the relative growth y of the system, we are led to a simple differential equation in

/B

iy =-by (2.12)
or
(Inx) = -blnx (2.13)
which can finally be rewritten as:
X=-bxlnx 2.14)

This model was first proposed in Gompertz (1825). Direct integration gives as
solution the Gompertz function:

—bt
X = eln(xo)e
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Using the Taylor approximation methods of section 2.3.1, we can examine the
Gompertz system near x = 1: The logarithm In(x) can be approximated by:

In(x) ~ x—-1

Using this approximation in (2.14) would result exactly in the logistic model. So for
x near 1, the Gompertz model can be approximated by the logistic model.

Another interesting variant occurs if we replace x by 1 — x in the Gompertz differ-
ential equation, resulting in:

X =-b(1-x)In(1 -x)

This model arises by considering the relative decay of the system, instead of the
relative growth. This model has skewness opposite to that of the Gompertz model,
as now the maximum growth rate is achieved when

x=1--
e

instead of when x = % A comparison of the two models is given in Figure 2.2.

Both models are referred to in the literature as “the Gompertz model,” with different
disciplines preferring one model over the other. The second variant is favoured in
the actuarial sciences, as it is more intimately related to mortality.

0 t f
1/e 1-1/e 1

X

FIGURE 2.2: The two Gompertz models

2.3.2.2 The Gaussian and Gamma models

The well familiar Gaussian and Gamma distributions arise naturally from the
relative-growth-rate setting, after some rather reasonable assumptions. For instance,
if may assume that the relative growth rate is a linear function of time, which leads



38 Chaotic Modelling and Simulation

us to the following equation:
y=(Onx) =a-bt (2.15)

where b > 0.
The solution to (2.15) is a Gaussian function, namely:

_(f—u)z
X =ce 2?2

where p = ¢, o2 = b, and the integration constant ¢ is determined by normaliza-
tion.
If, on the other hand, one assumes a slightly different decreasing pattern for the
relative growth rate:
y=(Onx) =a(nzr) -2

then the solution is related to the Gamma function:

x = c(An)te™ M

2.3.3 The calculus of variations approach

Calculus of variations is concerned with optimising a functional:

I= fL()'c, x, 1) dt (2.16)

where the functional L, called the Lagrangian, summarises the dynamics of the sys-
tem in question, in terms of X, x and ¢. The first step in the modelling process in this
case is the construction of an appropriate Lagrangian function. The solution to the
optimisation problem is then given by the Euler-Lagrange equation:

7\75) (2.17)

d (BL) oL
As a specific example, suppose the Lagrangian consists of two basic components:
L(x,x,t) = G(x) + V(x)

where G(x) expresses the forces of growth, and V(x) expresses the limits of the
system. Then the Euler-Lagrange equation becomes:

d (aG(x)) VW

dr\ 9% ox @18)

The form of the functions G(x) and V(x) is not always known. However, as the
integral (2.16) involves a summation of the infinitesimal parts of a path, it is in many
cases valid to approximate the functions G(x) and V(x) using Taylor series, especially
when the growth system is continuous and smooth.
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Note further an interesting property of equation (2.18): The first order term of
a Taylor series expansion of G(x) does not contribute to the equation. Hence, the
simplest expression for G(x) is %, and this is sufficient in many systems. This as-
sumption leads to a Lagrangian of the form

1
L= Exz + V(x)

Equation (2.17) yields, in this case, the following differential equation of growth:

. _ oV
%=

=5 (2.19)

The simplest interesting expression for V is V(x) = %bxz. Equation (2.19) then
takes a very familiar form:
X =bx

When b > 0, this model expresses a growth process, while when b < 0, it expresses
an oscillating process.

If we consider the Lagrangian as a function of the relative growth rate of a system,
y = In x, then the exact same analysis will yield the equation:

oV
y_ay

Assuming V is constant, V(y) = ¢, we are led to the exponential model:
j=0=>y=b=>(nx) =b= x=0bx

As we’ve seen before, when b < 0 this equation expresses a decay process.

2.3.4 The probabilistic-stochastic approach

A lot of models have their roots in probabilistic-stochastic considerations, which
give rise to certain partial differential equations. These are usually diffusion equa-
tions. The simple diffusion equation (D is the diffusion coefficient)

ot ox?
and the Fokker-Planck equation

ou B d(au) 0%u

- = + -
ot 0x ox?
are the basis for many models.
A reaction-diffusion equation has the general form
ou

_— = 2
Py f(uw)+ DV-u
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where, as usual, the Laplacian V? is given by:
2 2 2
2. 9 O O
ox2 oy 07
A classical model of this type is the so-called FitzHugh-Nagumo model (FitzHugh,
1961, 1969; Nagumo et al., 1962). The one-variable form of this model is given by

i=ul—u®)+ K+ DVu

where K is a parameter.

Simulation of models of this type gives rise to important chaotic cases of pattern
formation. These models explain the development of chaotic waves in fluids and
chemical kinetics.

2.3.5 Delay growth functions

Delay growth models assume that the rate of growth, x = %, is a function not only
of (x, t), but also of some earlier time (f — T"), where T is the delay. The general form

for a continuous first-order delay growth model is:
x=flx,@t=T),1)
A very simple delay growth model is the following multiplicative process:
X = bxi_rg(x;) (2.20)

Equation (2.20) is not easy to handle. However, an approximation of the delay
term is possible if we retain the first two terms of a Taylor series expansion at ¢:

Xt =~ x, —TX 2.21)
Substituting (2.21) in (2.20) and rearranging terms, we obtain the system:

_ bxg(x)
= 1 +bTg(x)

Depending on the the function g(x), many different models arise. If, for instance,
g is set to be the decreasing function g(x) = 1 — x, then we obtain the GRM1 model
proposed in Skiadas (1985) to express an innovation diffusion process:

bx(1 - x)

where o = 1+b5T. When no delay is present, o = 1 and (2.22) reduces to the logistic
differential equation (2.9).

The discrete alternatives of delay growth models, expressed by difference equa-
tions, give chaotic solutions for certain parameter values. These are examined in
some detail in Chapter 4.
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2.4 Chaotic Analysis and Simulation

In the past decades, extensive studies in various fields led to the creation of a
new field of analysis, called “Chaotic Analysis.” The innovation of this new field
lies in its multidisciplinary approach to the problems studied, and its use of vari-
ous methods and tools not applied before. Most notable among these is the use of
computers for the related analysis and simulation, that has become an integral part
of Chaotic Analysis. Determining the number of equilibrium islands and their loca-
tions inside a chaotic sea is done first by using chaotic simulations, and only later
by exact calculations, when possible. If we exclude computers and simulations from
chaotic analysis, an essential part of the chaotic phenomena, “the essence of chaos”
according to Lorenz (Lorenz, 1993), will be lost.

As an example of the advantages of simulation, consider the following formation
of two variants of a two-dimensional sea urchin, by using the logistic difference
equation and a simple rotation scheme. The equations used are:

S = bfi(1 = f)
x = (1 - f;)cos(6,) (2.23)
yr = (1 = fi) sin(6;)

The rotation angle 6, changes by 2 = 0.01 in each time step, and the chaotic para-
meter b is set to b = 1 + V8 in Figure 2.3(a) and b = 1.1 + V8 in Figure 2.3(b).

(a) (b)

FIGURE 2.3: Chaotic forms

The shape of a snail is formed from the same logistic difference equation as above,
but now the chaotic band (¢, f), which appears on the left side of Figure 2.4, rotates
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and simultaneously sinks, due to the addition of an exponential decay factor, in order
to form the two-dimensional shape of a snail (right). The system of equations used
is:
ft+l = bft(] - ft)
x; = (1 - f;)cos(B)e™™ (2.24)

yi = (1= f)sin(6)e™

The chaotic parameter used here is 1.03 + \/g, and the time step is 4 = 0.005.

FIGURE 2.4: A snail’s pattern

2.5 Deterministic, Stochastic and Chaotic Models

Deterministic models are expressed by specific, deterministic equations, which
give the same results for the same initial conditions. Stochastic models on the other
hand are given by stochastic equations, which may give different paths, and dif-
ferent final results, for the same initial conditions. The chaotic models can act as
deterministic models for some parameter values, but for some other values of the
chaotic parameters they will give radically different final values for infinitesimally
small changes in the initial values. Chaotic models are in a sense deterministic, in
that the final values are determined completely from the precise initial values. From
a practical point of view however, given the sensitivity of chaotic models to the ini-
tial conditions, the unpredictability of the final results and the non-uniqueness of the
paths followed by the system in chaotic systems are in some ways similar to the
unpredictability and non-uniqueness present in stochastic models.

As an illustration of this idea, one could attempt to use the logistic model as a
random number generator. To achieve that, consider the one-dimensional stochastic
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process generated by the following set of difference equations:

X1 =1-2x2
o ! (2.25)
Yrel = Yr +€X;

Here, e is a small parameter (e = 0.17). Several paths of this process are illustrated in
Figure 2.5(a). The resemblance of these paths to those of a Wiener process is strik-
ing. Another example, reminiscent of Brownian motion, appears in Figure 2.5(b).
This figure shows a two-dimensional stochastic process based on a four-dimensional

mapping.

(a) One-dimensional diffusion (b) Two-dimensional diffusion

FIGURE 2.5: Chaos as randomness
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Questions and Exercises

1.

10.

Construct the (¢, x) graph for the map: x,.; = bx;. Compare this graph to the
graph of the solution to the differential equation ‘é—’l‘ = bx. Consider various
values for b, including both negative and positive values, as well as values less
than 1 and greater than 1.

Solve the differential equation ‘31—;‘ = bx?, and graph the solution. Compare

your results to the exponential (Malthus) model fl—’; = bx.

Solve the more general Exponential differential equation: ‘;—f = bx?, where the
constant a is both positive and negative. Discuss the special cases resulting

and draw graphs.

Provide examples and real-life applications modelled by the above two differ-
ential equations, including cases with positive as well as negative values for
the parameters a, b.

. For each of the following differential equations, construct both the “correct”

and the “naive” difference equation analogue, and graph the (z, x) map. Com-
pare this map with the solution to the differential equation.

(@) & =bx

(b) & = bx?

(©) £ =bx*(1-x)

Using the Taylor expansion techniques, show that the differential equation
model %‘ = sin(bx) may be approximated by the exponential model when
x is small. Use a simulation to compare the two models, and verify that the
approximation is indeed good near x = 0.

Using the Taylor expansion techniques, what simple model do you find that
approximates the model ‘31—)[‘ = cos(bx) for small x?

. Use the calculus of variations methods described in section 2.3.3 to explain

why the very simple models described there, f'j—f = bx and % +bx =0, end up
explaining very frequently real-life situations.

. The second order differential equation x”” + bx = 0 provides oscillating so-

lutions for positive values of the parameter . Find the difference equation
alternative of this differential equation and check if the oscillating character is
retained in the map form. What is the result when b = 1?

What happens in the difference equation from the previous problem, but for
negative values of 5?7 What is the difference between the two cases?
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11. Confirm that the maximum growth rates for the two Gompertz models are

indeed at the points % and 1 — % respectively. How much is the maximum

growth rate?






Chapter 3

The Logistic Model

3.1 The Logistic Map

The logistic map is given by the logistic difference equation
Xre1 = bx(1 = x;) (3.1)

Equation (3.1) has been extensively analysed in the last decades and has become
the basis for numerous papers and studies. The analysis of this relatively simple
iterative equation revealed a rich variety of inherent chaotic principles and rules. In
particular, the study of the period doubling bifurcations that appear when the chaotic
parameter b changes from one characteristic value to the next led to the formulation
of a universal law in order to explain the phenomenon, at least for all quadratic
maps (Feigenbaum, 1978, 1979, 1980a,d, 1983).

3.1.1 Geometric analysis of the logistic

We will present in this section the basic properties of the logistic map based on the
classical analysis proposed by Feigenbaum and others. However, we will approach
the subject from a more geometric perspective. In order to understand the evolution
of (3.1), we consider the set of points

{Cnydlt=1,2,...}

where:
Yr = Xpp1 = f(x) = bx(1 — x;)

Thinking of the system (3.1) via this set of points allows us to examine the logistic
system in a geometric way, by considering first of all the graphs of the functions
y = f(x) = bx(1 — x) and y = x. Given a value x;, we locate x,.; = y, = f(x,) by
locating the point on the graph of y = f(x) with x = x,. We then use the line y = x to
project this y coordinate back to the x axis (Figure 3.1(a)).

If we continue this process, we can trace the evolution of the system, as in Fig-
ure 3.1(b). A point of particular interest is the point where the graph of f meets the
line y = x, with coordinates x =y = 1 — i. If x, is the coordinate of that point, then
Xt+1 = f(x7) = x4, and therefore the system is stationary.

47
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Yo p----- fommmmmm s

0 X Xet1 1 0 1

(a) Tracing an iteration (b) More iterations

FIGURE 3.1: Tracing iterations

Things get more interesting, and useful, when we consider other curves in place
of y = x. Of particular importance is the inverse function to the logistic map, with
equation:

x=fly)=by(l —y)

Suppose we follow steps similar to what we did above, except now we use this
inverse logistic instead of the line y = x. Namely, starting from a value x;, locate
y; = f(x;), and then use the inverse logistic to locate x = f(y,). The resulting point
is f(f(x,)); in other words it is x;,,. This way, we can perform two iterations.

Suppose now that (x,y) = (x;,y,) is a point on the intersection of the graphs of
f and its inverse. Then we see that x,,, = x; and y,;4» = y,, so the system enters a
two-point orbit. Algebraically, we would have the two equations:

y=f(x) =bx(1-x)

(3.2)
x = fly) = by(l - y)
This system can be solved by observing that:
JUG) = fly) =x
or in our case:
x = b*x(1 = x)[1 = bx(1 - x)] (3.3)

Equation (3.3) has four roots, corresponding to the four points where the curves
of the logistic map and the inverse logistic map meet. Two of these will be the points
where these maps meet the line y = x, namely the origin and the stationary point we
discussed already. Let us consider for a moment the geometric significance of the
other two points. If (x;,y,) is one of these points, then (x,.1,y,+1) Will be the other
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one, and (X2, y;+2) Will be the same as (x;, y,) and so on. In other words, the system
will alternate between these two states. We will call these points stationary of second
order. These are the first bifurcation points of the logistic map (Figure 3.2).

FIGURE 3.2: Second order stationary points

Similarly, higher order bifurcation points can be found by considering the points
of intersection of the iterates' of f, i.e. systems of the form:

y=f

3.4
x=f"(y) G

Geometrically, tracing the first map followed by the second map results in tran-
sitioning from Xx; to X;4x+m,. Algebraically, we would have to solve a polynomial of
degree 2(k + m).

An illustrative example of the bifurcation of the logistic map is presented in Fig-
ure 3.3 when b = 3.5. The starting value is xo = 0.1. The final equilibrium is at one
of the points where the logistic curve joins the inverse logistic curve.’

I The n-th iterate of f, denoted by f*, is the function obtained by performing the function k times in
succession. For instance, f2(x) = f(f(x)), and in general f"*!(x) = f(f"(x)).

2In this example, the polygonal segments are related to f and its inverse, hence each subsequent x
point is the result of two applications of f.
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FIGURE 3.3: The logistic and the inverse logistic map for b = 3.5

Figure 3.4 illustrates a third order bifurcation cycle resulting when b = 1 + V8.

The three points in the stationary orbit are the points of intersection of the quartic
y = f2(x) with the inverse x = f(y).?

FIGURE 3.4: The third order cycle of the logistic and the inverse logistic map
forb=1+ V8

The value b = 1 + V8 ~ 3.828 is the smallest value of b for which this third order
orbit is present. Higher values of b quickly lead to chaotic behaviour. Figure 3.5 for

instance presents a chaotic region for the logistic and the inverse logistic maps, when
b =3.9. A large number of repetitions is drawn.

3Those two curves have 5 points of intersection, but two of these points are the first order stationary
points.
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FIGURE 3.5: Chaotic region for the logistic and the inverse logistic map at
b=39

3.1.2 Algebraic analysis of the logistic

We will now proceed to analyse the behaviour of the logistic map from a more
algebraic/analytic point of view. For a given value of b, the graph of the logistic is a
parabola passing through the origin (0, 0) and the point (0, 1). The maximum of the
parabola is obtained when x = %, andy = f(x) = g, as can be seen by calculating
the first derivative of the logistic function:

J'(x0) = b(1 - 2x)

and equating it to zero. Keeping in mind that f(x) will be used as the x for the next
iteration step, we see that we can only hope to constrain the system when 0 < b < 4.

The map y = f(x) has two fixed points, (0,0) and (xo =1- %, 1- %) The deriva-
tives of f at the critical points are:

F©) =band f(x0)=2-b

We would like to know in which cases these points are attracting.* When x is
close to 0, we have
f(x) = bx(1 — x) = bx — bx* ~ bx

so if x; is close to O, x;,; is about equal to bx,. Hence, if b < 1. x,, is even closer to
0, and consequently O will be an attracting point. The same is true when b = 1, since
then z,41 = x; — x? < x;. However, this is not the case any more when b > 1; x4
would tend to move away from 0.

Incidentally, b > 1 is exactly the range of values of b for which the second fixed
point, xg = 1 - % enters the picture, since it is now a point in the square [0, 1]% [0, 1].

4A set S of points is called attracting, if starting from any point sufficiently close to S the map stays
closeto S.
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We will now carry a similar analysis at this point. A Taylor expansion of f at xy will
provide us with some insight into the behaviour of the system near the point:’

109 = fa) + £/ o) = x0) + L8 (e

Since we want to determine if the system will move towards x( or not, we consider
the difference from x:

f"( 0)

J(x) = xo = (f(x0) = x0) + f(x0)(x — Xo) + (x = x0)° (3.5)

We are interested in determining for which values of b, a small x — xy will result
in an even smaller f(x) — xo. When x — xq is small, the first term in (3.5), f(xo) — xo,
will dominate the other two, if it is non-zero. so, in order for xj to be attracting, it is
necessary that f(xg) — xo = 0, i.e that x is a fixed point. In that case, equation (3.5)
becomes

1" (x0)

FG) = x0 = f/(x0)(x = x0) + == (x = x0)” (3.6)
For x — xy close to 0, the second order term will be negligible, and so:
f(x) = x0 = f(x0)(x — x0)

Therefore, if | f'(xp)| < 1, then x is an attracting point, while if | f’(xo)| > 1, then
Xo is not attracting. When f’(xo) = 1, equation (3.5) becomes

1" (x0)
2

2
J(x) —xo = (x - x0) + (x = xo)
and the sign of f”(xp) determines whether xo is attracting or not.

In our case, the fixed point is xo = 1 — 3, and the derivative, as computed earlier,
is:

f(xo) =

More generally, the Taylor expansion of f around x in this case is:
f(0) = x0= 2= b)(x = x0) = b(x - x0)?

Consequently, xg is an attracting point for 1 < b < 3. An example of the attraction
process is illustrated in Figure 3.6 (b = 2.9, xo = 0.07).

When b > 3, the fixed point is no longer an attracting point, and a two-point,
second order, attracting orbit appears. In order to obtain this orbit geometrically, the
second order diagram (x;, x,42), i.e. the graph of f(f(x)), is used, in addition to the
(¢, x;+1) diagram, i.e. the graph of y = f(x), and the (x1, x;) diagram, i.e. the graph
of x = f(y).

With a parameter of b = 2.7, we obtain Figure 3.7(a). It can be seen from the
graph, that the only fixed points of f(f(x)) are the two fixed points of x. When

SNote that, since f is a polynomial of degree 2, f actually equals its second order Taylor expansion.
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FIGURE 3.6: The logistic map

b = 3, all the curves pass through the point (% %) (Figure 3.7(b)). The slopes of the
tangent lines to the curves at this point are —1 for y = f(x) and x = f(y), and 1 for

y = f(f(x).

When b > 3, we can compute the second order orbit by solving the equation

fUfx) =x

that is:
bx(1-x)(1 =bx(1 —x) =x (3.7
Equation (3.7) has four roots: The two fixed points of f (x; =0and x, = 1 - %),
as well as two new roots, given by:

b+ D= NOEFDB=3)
Y34 = 2b

It is clear now why these points appear only when b > 3. This two-point orbit is
attracting for » > 3, and remains attracting as long as b is such that the slope of the
order-2 graph at the attracting points does not exceed —1. This leads to the equation:

pP-2b-5=0

which provides the upper value of b, b = 1 + V6 ~ 3.4495, for which this two-
point orbit is attracting. Figures 3.8(a) and 3.8(b) illustrate this order-2 bifurcation.
Figure 3.8(a) shows the case where b = 3.43 and xy = 0.01. The order-2 bifurcation
appears in the form of a square with corners located at the 4 characteristic points
of the diagram. The tangent line to the order-2 graph at the larger of these points
appears, with slope very close to —1. One can also clearly see that the fixed point of
y = f(x) is no longer an attracting point.

Another point to consider is the value of x at which the inverse of the logistic curve
cuts the logistic curve at its maximum. This leads to the equation

b -4 +8=0



54

Chaotic Modelling and Simulation

(a)b=27 (byb=3

FIGURE 3.7: The logistic map, b < 3

(a)b =343 ®b=1+15

FIGURE 3.8: The logistic map, b > 3
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which has three real roots. Two of them are acceptable, b =2 and b = 1+ V5. These
are the same points where the order-2 curve meets the main diagonal.® Figure 3.8(b)
illustrates the case where b = 1 + \/5, with xy = 0.25.

The period-4 bifurcation appears in Figure 3.9. For better presentation, and in or-
der to locate the characteristic points, we introduce the inverse (X3, x;) and (x;, X;14)
diagrams. The 4-point orbit can be thought of either as the points of intersection of
the (x;, x;+4) diagram (purple line) with the line y = x, or as the points of intersection
of the x;3, x; diagram (blue line) with the curve y = f(x). The parameter b is con-
strained in the range 1 + V6 < b < 3.5440903 - - -. There are 4 characteristic values
for x.

FIGURE 3.9: Order-4 bifurcation of the logistic map; real time and phase
space diagrams

The right of Figure 3.9 is the real time diagram (x,, f), whereas the left is the phase
space diagram (x;, x;+4). In the real time diagram the order-4 oscillations appear. The
values of x,, after enough time has elapsed, oscillate between theses four limiting
levels.

When 3.5440903--- < b < 3.5644073 - - - the period-8 bifurcation appears. Fig-
ure 3.10 illustrates this case. The chaotic parameter is b = 3.5644, and the inverse
function is given by the (x,.7, x;) diagram. The order-8 logistic bifurcation is ex-
pressed by the (x;, x,.3) diagram. A real time diagram of the chaotic oscillations
appears on the right of Figure 3.10.

The period-16 bifurcation is illustrated in Figure 3.11. The range covered by the
parameter b is 3.5644073--- < b < 3.5687594 - - .. For the application we set b =
3.5687594 - --. Figure 3.12 presents the period-32 bifurcation (b = 3.56969). The
range for b is 3.5687594 - - - < b < 3.5696916 - - -.

%Since if y = f(x), then asking for f(y) = x is the same as asking for f(f(x)) = x.
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FIGURE 3.10: Order-8 bifurcation of the logistic map; real time and phase
space diagrams

FIGURE 3.11: Order-16 bifurcation and real time and phase space diagrams
of the logistic

FIGURE 3.12: Order-32 bifurcation and real time and phase space diagrams
of the logistic
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The order-5 bifurcation appears in Figure 3.13. The inverse function is given by
the (x/44, x;) diagram. The order-5 logistic bifurcation is expressed by the (x;, x;+s)
diagram. The chaotic oscillations appear in the real time diagram (right).

FIGURE 3.13: The order-5 bifurcation and real time and phase space diagrams

The order-6 bifurcation appears in Figure 3.14 (b = 3.6267). The inverse function
is here given with the (x5, x;) diagram. The order-6 logistic bifurcation is expressed
by the (x;, x,+¢) diagram. The chaotic oscillations appear in the real time diagram
(right).

FIGURE 3.14: The order-6 bifurcation and real time and phase space diagrams
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3.2 The Bifurcation Diagram

The period doubling and other properties of the logistic map are presented in the
so-called bifurcation diagram. This is a two-dimensional graph (b, x;) formed as
follows: For each value of the chaotic parameter b, the values of x; that form the
stable orbit are plotted. Figure 3.15(a) shows how the bifurcation diagram looks for
b < 3.5. For 0 < b < 1, there is only one fixed point, at x = 0. For 1 < b < 3, the
fixed pointis x = 1 — %. At b = 3, this splits up into the order-two orbit, which at
3.449 becomes unstable and splits up into an order-4 orbit and so on. The greyed out
lines show the values that these orbits would have had if they were still stable.

The full bifurcation diagram for the logistic map appears in Figure 3.15(b). The
first bifurcation point is located at (b =3,x=1- %), and the next two at b ~ 3.4495,
the next four at b ~ 3.54409 and so on, according to the theory. These points can
be calculated by solving the appropriate equation of the form f”(x) = x, though this
becomes exceedingly difficult as n increases. The construction of the bifurcation
diagram typically follows these steps:

1. Break the range of b ([0, 4]) into small intervals.

2. For each interval, choose a b in that interval (say the left end-point), and per-
form repeated applications of the iterative process x,+; = f(x,) until stability
is achieved. At this point, the desired values x, will be determined.

3. Move on to the next value of b. Use the previously found stable x values as
starting points for the iteration process, to achieve stability much quicker.

The characteristic values of the parameter b at each bifurcation stage follow the
Feigenbaum law. According to this law the sequence of period doubling, presented
in the above figure by a bifurcation tree, is due to a quantitative convergence of the
parameter b, which tends to a universal parameter 6 = 4.6692016 - - -. This parameter

is given by the expression
b1 —b;
§ = lim ——~
i b — bjsy
The behaviour of the system can be understood better by considering a scaled
version. More generally, if we consider a system

Xn+l = f(xn)
then we consider the function:
1 0 n
g(x) = lim —— 1% (xf*(0)
N300 f2 (0) ( )

Then, under some mild conditions on the map f, g satisfies the universal equation:

g(ax) = —ag(g (—x)) (3.8)
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(a) The first two bifurcations

(b) The whole diagram

FIGURE 3.15: The bifurcation diagram of the logistic
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Here « is the second Feigenbaum constant, related to the ratio of the width between
the prongs in a bifurcation, relative to the width in the previous bifurcation.

The function g can be approximated by a finite polynomial, and from that it is
possible to estimate @ = 2.50290787 - - -, with the normalisation convention g(0) =
1 (Lanford, 1982a).

Other interesting properties arising from the bifurcation diagram come from ob-
serving the three “windows” which appear in a range of characteristic values of the
parameter b around bg = 3.627, bs = 3. 74 and b3 = 1 + V8. These values of b give
sixth, fifth and third order bifurcations respectively, and the related period doubling
bifurcations lead to 12, 10 and 6 and higher order bifurcation forms. The period-3
bifurcation can be seen in Figure 3.16(a). In Figure 3.16(b) the order 2 X 3 = 6
bifurcation is illustrated (b = 3.845).

(a) Order-3 bifurcation (b) Order 2 x 3 bifurcation

FIGURE 3.16: Order-3 bifurcations

A change of variables

1
==-b(1-2
2= 7b(1-2x)
results in the following expression for the logistic equation:
e =2+ cC
where
b b
c=-—-—
2 4
From this point of view, the first period doubling occurs at ¢ = —%, which corre-
sponds to b = 3. The second period doubling occurs at ¢ = —%, which corresponds

to b = 1 + V6, while the period-3 solutions appear at a saddle-node bifurcation at
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c= —%, corresponding to b = 1 + V8. An illustration of the period-3 bifurcation

using the z-form of the logistic equation appears in Figure 3.17.

FIGURE 3.17: The order-3 bifurcation

3.3 Other Models with Similar Behaviour

Functions with varying equation forms show chaotic behaviour similar to the lo-
gistic. One of them is the sinusoidal map, with equation

Xpe1 = bsin(x;)
where b is restricted to the interval 0 < b < . A more convenient form is:
Xr1 = bsin(mx,)

Now the interval for the parameteris 0 < b < 1.
Another model is the Gompertz type model (Gompertz, 1825):

X1 = —bx, In(x,)

where 0 < b <e =271829.-..

Another model was proposed by May (May, 1972, 1974, 1976) to describe the
population growth of a single species population, which is regulated by an epidemic
disease at high density:

r(1—x,
Xep1 = xe

The chaotic behaviour of this model is similar to that of the logistic model, as
illustrated by the bifurcation diagram (Figure 3.18, right). The order-4 bifurcation is
presented on the left of Figure 3.18 (r = 2.6).
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FIGURE 3.18: The May model: an order-4 bifurcation (left) and the
bifurcation diagram (right)

3.4 Models with Different Chaotic Behaviour

Some Gaussian models show special chaotic behaviour, mainly due to the quadratic
exponent in the equations of these models. A simple Gaussian equation is:

2
Xyl = b+ e

The bifurcation diagram for ¢ = 4 and -1 < b < 1 is shown on the left of
Figure 3.19(a). The model has two period doubling bifurcations, and then it returns
to the original state in a reverse order. A further increase in the parameter a of the
quadratic term, a = 7.5, gives a full sequence of period doubling bifurcations and
order-3 saddle-node bifurcations (Figure 3.19(b), right).

When the parameter a takes higher values, the chaotic behaviour of the model
changes radically. This is presented in Figure 3.20 (a = 17, -1.2 < b < 1).

A rich bifurcation diagram appears when the Gaussian model is combined with
the logistic to form the G-L model:

2
X1 = b= x(1 = xp) + €7

When a = 7.5, the bifurcation diagram in the range —1.1 < b < 0.7 has the
form illustrated in Figure 3.21. There are two main bifurcation regions, with period
doubling bifurcations and order-3 and order-5 saddle-node bifurcations. The order-5
bifurcation is presented in Figure 3.22(a) (a = 7.5, b = 0.19).

Figure 3.22(b) illustrates a perfect order-12 circle (a = 7.5, b = 0.11).
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@a=4 (b)ya=175

FIGURE 3.19: Bifurcation diagrams of the Gaussian model

FIGURE 3.20: Bifurcation diagram of the Gaussian model (a = 17)

FIGURE 3.21: Bifurcation diagram of the G-L model
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(a) Order-5 bifurcation (b) Order-12 cycle

FIGURE 3.22: Cycles in the G-L model

3.5 The GRM1 Chaotic Model

In this section we study the chaotic behaviour of the generalized rational (GRM1)
innovation diffusion model. The deterministic continuous version of this model was
proposed, analysed and applied in Skiadas (1985). Here, the chaotic behaviour is ex-
pressed through the discrete alternative to the continuous GRM1 model. The model
shows symmetric and non-symmetric behaviour expressed by a parameter o-. When
the diffusion parameter b and the o parameter are in the range b/o > 2, then the
chaotic aspects of the model appear. A method is proposed for fitting the model to
the data. Time series data expressing the cumulative percentage of steel produced by
the oxygen process in various countries are used. Characteristic graphs of the chaotic
behaviour are given and applications are presented.

3.5.1 GRMI1 and innovation diffusion modelling

It has become commonplace to call this the information age, but an even more
appropriate name might be the innovation age. The number of patent applications
that the U.S. Patent and Trademark Office receives every year has been increasing
exponentially since 1985, with the total number of patent applications exceeding
450, 000 in 2006 (Figure 3.23).

While not all patents translate to new products or new production methods, this
growth clearly demonstrates a tendency, and this explosion of innovation activity
presents significant challenges. Companies must have an appropriate way to de-
scribe the competitive dynamics in a market (Modis, 1997). Several innovation dif-
fusion models have been presented, analysed and applied to real life data (Bass, 1969;
Mahajan and Schoeman, 1977; Sharif and Kabir, 1976; Skiadas, 1985, 1986, 1987;
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FIGURE 3.23: Patent applications in the United States

Modis and Debecker, 1992). A main direction of these applications focused on the
non-symmetric behaviour of the models, expressed by specific parameters.

The GRM1 model is based on a family of generalised rational models. It was
proposed as a relatively simple but very flexible model to express asymmetry during
the innovation diffusion process (Skiadas, 1985, 1986). This model is expressed by
the following differential equation

f= JE-f

e G2

where f is the number of adopters at time ¢, F' is the total number of potential

adopters, b is the diffusion parameter, and o is a dimensionless parameter. The

GRM1 model has a point of inflection, varying from O to F as o decreases from oo to

0. Another interesting property of o is that it provides a measure of the asymmetry

of the model. Perfect symmetry appears for o = 1 when, equation (3.9) reduces to
the logistic:

; f

f= bf(l f) (3.10)

In the logistic model, bifurcation and further chaotic behaviour appear when 2 <

b < 3. However, various applications of the logistic model in several disciplines

showed that the parameter b of the logistic model lies in very low limits, lower than

1. Thus, by using the logistic model it is not possible to express chaotic behaviour

in real situations, as the estimated values of b fail to reach the limit at which chaotic

behaviour appears. On the other hand, data provided for various cases shows that
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oscillations and chaotic behaviour appear quite frequently, and especially when the
diffusion process is close to the upper limit F. Moreover, when the logistic model is
applied in the form

Xep1 = bx(1 — xp) (3.11)

where x, = f;/F, then bifurcation and chaotic behaviour appear at even higher values
of b, when 3 < b < 4.

As we show here, the GRM1 model exhibits chaotic behaviour for values of b that
are quite low and are in accordance with the values estimated in real situations. This
is accomplished with the help of the flexible parameter o, which gives a measure of
the asymmetry of the model. The chaotic behaviour of the model is analysed and
illustrated by using appropriate graphs, especially (¢, f) diagrams.

3.5.2 The generalized rational model

The discrete version of the continuous model (3.9) is given by:

JilF = o)
F-(1-o0)f
Some interesting properties of this model are illustrated in Figures 3.24(a) to 3.24(e).

In Figure 3.24(a), the proposed model takes the classical sigmoid form, whereas
in Figure 3.24(b), a bifurcation appears as a simple oscillation. In Figure 3.24(c),
a more complicated oscillation with four distinct oscillating levels appears, whereas
in Figures 3.24(d), 3.24(e), and 3.24(f) a totally chaotic form appears. In all cases
presented here the starting value is fy = 1, the upper limit F = 100, » = 0.3 and o
takes various values. The value selected for b is within the range 0.1 to 0.5, which is
valid in real situations. By varying the dimensionless parameter o, several forms of
the model appear.

It is very important to consider the estimation of the values of the parameters b and
o for which bifurcation appears. The presence of the first oscillations and the onset
of chaos, which follows, is a significant factor when studying innovation diffusion
systems. According to the theory of chaotic models, bifurcation for the GRM1 model
starts when:

fi1=fi+ b (3.12)

7 — —l
Juu (3.13)
fr1 = fi

Using equation (3.12), the resulting condition on the parameters b and o is:

b
=2
o

When g > 2, oscillation and chaotic behaviour appear by gradually augmenting the
fraction g. When o = 1, which is the case for the logistic model, bifurcation appears
forb > 2.

It is also possible to obtain an analytical form for the values of f; between the first
two bifurcation points. To achieve this we consider the equation

S = fi
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(@b=03ando =2 (b)b=0.3and o =0.13
(¢)b=03ando =0.12 (d)b=0.3and o =0.10
(e) b=0.3 and o = 0.09 (f) b= 0.3 and o = 0.08

FIGURE 3.24: The GRM1 model
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The exact formula of the solutions is:

bb+2)(b—20)
(b+2)+ \ 62012

= .14
fi=F 2b+0-1) (3-14)
For the logistic model (o~ = 1) this reduces to:
+ _
fo F(b+2)+ Vb +2)(b-2) (3.15)

2b

When b > 20 in (3.14), or b > 2 in (3.15), the system oscillates at the values
of f; given by the above formulas respectively. When b is higher than these values,
four distinct oscillating levels appear, and later eight and finally 2" points. For suf-
ficient specifically high values of b, n is very high and the system exhibits chaotic
oscillations.

3.5.3 Parameter estimation for the GRM1 model

The parameters of the discrete GRM1 model are estimated by an iterative non-
linear regression analysis algorithm by minimizing the sum of squared errors (S =

SSE):
S=).&=)w~f
t=1

where ¢ is the error term of the stochastic equation:
n
ofi
yz=fz+z—Aai+6;
=1 Oa,-

where y, denotes the provided data and f; is calculated for every ¢ from the GRM1
equation, given a set of initial values for the parameters a;. The estimation of para-
meters is highly sensitive to the presence of oscillations and chaotic oscillations in
the provided data. For a better fit, it was decided to use the non-linear estimation
method proposed by Nash for the discrete logistic model for only three parameters
of the model, and fixing the dimensionless parameter 0. This parameter is gradually
changed during the iterative procedure, until the sum of squared errors is minimised.
The starting values for the partial derivatives need an estimation of the following
forms given a set of initial values for the model parameters:

Of _ fo(F — fo)

b F-(1-0)f
%:1+bF2—2Ff0+(1—0-)f02
afo (F-(1-0)fp)

ofi _ b(,(@)z
F

(3.16)

oF
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FIGURE 3.25: Spain, oxygen steel process (1968-1980)

Following the estimation of the initial values of the partial derivatives, the iterative
procedure continues the estimation by using the formulae:

agt; _ %(1 +bk,) + #_—?)f,
T = 21+ b o
2
where
k= |F*-2Ff + %

3.5.4 Illustrations

Time series data expressing the cumulative percentage of steel produced by the
oxygen process’ in various countries are used from Poznanski (1983). Figure 3.25
illustrates the diffusion of oxygen steel technology in Spain from 1968 to 1980, for
a period of 13 years. The actual data includes 18 years, but it is more appropriate to
study the last part of the time series, as this part shows the characteristic oscillations
that are of special interest to us. The small circles indicate the actual data, the dotted
line is the path of the logistic model and the solid line is the path of the GRM1 model.

Parameter estimates and the sum of squared errors are summarised in Table 3.1.
The parameter b for the logistic model fit is relatively high, but is still far from the

7In this process, pure oxygen is introduced in order to burn the carbon inside melted steel, so as to
improve the quality of the produced steel. Before the introduction of this method, air, consisting of a
mixture of oxygen and nitrogen, was used instead.
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TABLE 3.1: Parameter estimates and sum of
squared errors (SSE) for logistic and GRM1 models in
Spain from 1968 to 1980

Model b [ F ob/o) SSE

Logistic | 0.6309 | 24.373 | 51.474 — 72.838
GRM1 |0.2331|25.779 | 51.736 | 0.084 (2.775) | 41.748

FIGURE 3.26: Italy oxygen steel process (1970-1980)

value needed for the start of bifurcation (b = 2). The form of the logistic path
presented in the Figure 3.25 has a smooth form. The model fails to express the oscil-
lating behaviour of the actual case studied. On the other hand, the GRM1 model
has a value for b lower than that of the logistic model, but the extra parameter
o accounts for the presence of oscillating and chaotic behaviour, as the fraction
b/o = 2775 > 2. The estimated values for [ and F are very close for both mod-
els. The ability of the GRM1 model to follow the oscillating behaviour of actual data
is illustrated in the Figure 3.25, and is also expressed by the strong improvement of
the sum of squared errors (SSE).

Figure 3.26 illustrates the diffusion of oxygen steel technology in Italy from 1970
to 1980. The process ends in an oscillating form. The discrete logistic fails to express
these oscillations, whereas the discrete GRM1 shows a considerable flexibility in
approximating the data. The sum of the squared errors is very low for the GRM1
model, compared to that of the logistic, as is shown in Table 3.2. The fraction b/o =
3.5292 for the GRM1 model accounts for the chaotic behaviour.

Data for the diffusion of the oxygen steel process in Luxemburg are of consider-
able interest, as they cover a wide scale, from 1.5% during 1962 to 100% in 1980
(Figure 3.27). The GRM1 model showed a good flexibility, as it covers both the fast
growth at the first stages of the diffusion process, as well as the sudden turn to the
high platform of 100%. Also, the small fluctuations at the end of the process are
simulated quite well, as the fraction b/o = 3.609 accounts for the chaotic region of
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TABLE 3.2: Parameter estimates and sum of squared
errors (SSE) for logistic and GRM1 models in Italy from
1970 to 1980

Model b ] F o(b/o) SSE

Logistic | 0.5447 | 35.957 | 44.473 — 15.330
GRM1 |0.08823 | 36.0402 | 44.4614 | 0.025 (3.5292) | 7.431

FIGURE 3.27: Luxemburg oxygen steel process (1962-1980)

the model. Figure 3.27 illustrates the case of Luxemburg for the following estimated
values for the parameters: b = 0.1931, [ = 7.968, F = 99.669 and o = 0.0535. The
mean squared error is MS E = 20.872.

The flexibility and ability of the GRM1 model to simulate growth processes that
show oscillations, as well as chaotic oscillations, at the end of the process, are
demonstrated in the following case of the diffusion of oxygen steel technology in
Bulgaria from 1968 to 1978 (Figure 3.28). The estimates for the parameters are
b = 0.04046, [ = 49.2425, F = 58.412 and o = 0.012. The sum of squared errors
is SSE = 21.431 and the fraction b/o- = 3.3718 indicates that the model is in the
region of chaotic behaviour.

3.6 Further Discussion

Several problems arise when applying the logistic map to real world data. Firstly,
there are many cases where non-chaotic or even non-oscillating behaviour is present,
even when the sigmoid logistic shape approaches the highest values, namely 1 =
100%. But, the analysis of the logistic map shows that bifurcation, and thus oscillat-
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FIGURE 3.28: Bulgaria oxygen steel process (1968-1978)

ing behaviour, starts at b = 3, which corresponds to x = 1 —1/b, or x = 2/3 (66.66%
level). If we follow the logistic model, all the processes exceeding this level must
show oscillating or chaotic behaviour when approaching a higher level. However,
this is not the case. Many logistic-like time-series data approach high levels without
showing oscillating or chaotic behaviour.

The second problem when applying the logistic map to time-series data is that,
when a high value for the parameter b is introduced, the intermediate stages of the
process are far apart to give reasonable results during simulation. As a simple exam-
ple, consider a logistic process with b = 3 starting at x = 0.10. The next time period
of the process must be 0.27, followed by 0.59 and 0.725. There are very few growth
processes that can cover the gap between 10% and 72.5% of the total process in
only three time periods. Especially in diffusion and innovation diffusion processes,
the development is slower, but eventually the process reaches very high values, and,
then, oscillating or even chaotic behaviour appears.

One approach is to use a logistic model with a varying function for the parameter
b. This is the method employed in the GRM1 model, where the term b/(1 — (1 —0)x)
is replacing the parameter b. Another approach is to select a transformed logistic-like
model. This is easily achieved by selecting a modified logistic model of the form:

Xnr1 = bx,(1 - -xn)e

where 0 < e < 1. For e = 1, this model reduces to the logistic model, whereas, for
e = 0, it reduces to the exponential model. The fixed point is at x = 1 —1/b1/), This
is the minimum level where the first bifurcation starts.

The modified logistic model (ML), for b = 1.3 and e = 0.09, is illustrated in
Figure 3.29. The model approaches the equilibrium limit 0.9458. An oscillating
form of the modified logistic at b = 1.3 and e = 0.076 is presented in Figure 3.30 A
chaotic process at b = 1.3 and e = 0.073 for the modified logistic model is presented
in Figure 3.31
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FIGURE 3.29: The modified logistic model (ML)
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FIGURE 3.30: The modified logistic model (ML) for » = 1.3 and ¢ = 0.076
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FIGURE 3.31: A chaotic stage of the modified logistic model (ML) for b = 1.3
and e = 0.073
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FIGURE 3.32: A third order cycle of the GRM1 model for » = 1.3 and o =
0.025

Another serious problem when applying the logistic model is that the oscillations
following the bifurcation process are quite large for most real life situations. On the
other hand, in the cases of the GRMI1 and the modified logistic, the amplitude of the
oscillations varies according to the values of the parameters selected. A comparative
example is given by observing the third order cycle for the logistic, the GRM1 and
the modified logistic models (Figure 3.32). The interval of this third order cycle
is included inside the chaotic region as illustrated in the bifurcation diagram. By
observing this third order cycle, valuable information for the chaotic region can be
obtained. During the third order cycle, the logistic model oscillates between 0.1494
and 0.9594, that is, the oscillations cover about 80% of the total amplitude. On the
contrary, the GRM1 model is more flexible. The oscillations during the third order
cycle can vary according to the values selected for the parameter o-. In Figure 3.32,
o = 0.025. For this value of o the GRM1 model shows a third order cycle for
b = 1.3. The maximum value is 0.9693, and the minimum value is 0.7047. The
oscillations therefore cover only 27% of the total amplitude. Accordingly, for lower
values of the parameter o the amplitude of the oscillations during the third order
cycle is smaller.

When the parameters for the GRM1 model are b = 1.2 and oo = 0.01175, the
higher value of the third order cycle is xy.x = 0.9768 and the lower value is Xy, =
0.7846. The third order oscillations cover 19% of the total accepted amplitude of the
process. The (x, r) oscillation diagram is presented in Figure 3.33.

During the first time periods the process follows a growth path. Later on, chaotic
oscillations appear and the process is stabilised, giving third order chaotic oscilla-
tions.

The third order cycle for the modified logistic model is illustrated in Figure 3.34.
The parameters selected are e = 0.0719 and b = 1.3. The minimum value is
Xmin = 0.8069 and the maximum value is x,,,, = 0.9987. The resulting third or-
der oscillations cover 20% of the total amplitude.
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FIGURE 3.33: A third order cycle of the GRM1 model for b = 1.2 and
o =0.01175

FIGURE 3.34: A third order cycle of the modified logistic model for b = 1.3
and e = 0.0719

FIGURE 3.35: The first bifurcation cycle of the GRM1 model for » = 1.3 and
o =0.032
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Figure 3.35 illustrates the GRM1 model at the first bifurcation stage. The process
ends at a simple oscillation scheme. The parameters are b = 1.3 and o = 0.032.
The maximum and minimum levels of the oscillation are illustrated by the lines with
two and one dots respectively. These levels are obtained when x,,, = x, = x. The
resulting fourth order equation can be solved explicitly, giving the values for the first
bifurcation levels. The fourth order equation for x has, among others, the roots that
satisfy the relation

Xp+l = Xp = X

or, after substituting from the GRM1 map
bx(1 — x)
X=——
1-(1-0)x

or after some simplification:

b-1
-~ " |= .1
x(x b—l+0‘) 0 (3.18)

The roots of this equation are x; = 0 and x; = b_bl;io. The resulting equation for
Xu42 = X, = x can then be transformed to

b1\,
ol T
x[bb+1-)2—(b+1-)b+Dx+(bB+D]=0 (3.19

Clearly, this fourth order equation has the two roots from (3.18) as well as two
other roots:

(b+1) % AJ(b+ 1) — 22D

b+l-o
2b

It is clear that the equation expressing every higher bifurcation level includes the
solutions of the equations expressing the lower bifurcation stages. What is different
is the stability of solutions.

X34 =
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estions and Exercises

. Show that the fixed point of the mapy = bx(1 —x)isy=x=1-— }7

Compute the derivative of the transformation y = f(f(x)), where
F(x) =bx(1-x)

at the 2-point orbit given in equation (3.7), and determine from this the range
of values of b for which this orbit is attracting.

Use the logistic map as a random number generator: For various high values
of b, start from an arbitrary value of x, and perform 100, 000 repetitions. Com-
pare the distribution of the 100, 000 values to that of the uniform distribution,
as given by the random number generator of your computer. If you found
differences, how do you explain these differences?

The logistic map is defined on the interval: 0 < x, < 1. Show that this is
indeed the case, i.e. that, starting from an x in the interval [0, 1], the process
will remain in the interval. Find the related interval for the map x,.; = 1 + ax,z.
For this latter case, draw the bifurcation diagram and find the first and the
second bifurcation points.

Consider the correct difference equation analogue to the logistic model, as
described in page 31. Find the interval where the map is defined and find the
formula for the first and second order bifurcation points.

Prove that the Gompertz map is defined into the interval 0 < x, < é

Transform the Gompertz and the Mirror Gompertz model to the related dis-
crete maps, and find the interval where every map is defined. Draw the bifur-
cation diagram for both cases and find the first bifurcation point.

Draw the bifurcation diagram for the map x,.1 = b + e

Draw the bifurcation diagram for the map x,,; = b + €™, and compare the
results with the previous case.






Chapter 4

The Delay Logistic Model

4.1 Introduction

Delay models are applied in a large variety of cases in many scientific fields. Con-
sequently, it is difficult to classify the particular models used and to study them sys-
tematically. In this section we start with the study of simple delay models, and then
proceed to study more complicated models. Special attention is given to the develop-
ment and presentation of the most frequently used delay models, as well as to related
extensions and new delay models of particular interest. Of major importance are the
applications of delay models in physiological systems (Glass and Pasternack, 1978;
Glass and Mackey, 1988; Glass, 1988, 1991; Glass and Zeng, 1990; de Olivera and
Malta, 1987; Cabrera and de la Rubia, 1996; Celka, 1997; Sharkovsky, 1994; Ueda
et al., 1994; Bunner, 1999).

Delay models can be divided in two broad categories: The delay models expressed
by a difference equation

Xt+m = f(xt+m—1 s Xptm=2s -« - » X1) 4.1
where m is the delay, and the delay models expressed by a differential equation
X = f(x, x-1) 4.2)

where T is the parameter expressing the delay.

4.2 Delay Difference Models
4.2.1 Simple delay oscillation scheme

Simple oscillation schemes can arise very easily when using delay difference equa-
tions. As an example, consider the simple first-degree-polynomial delay form:

X2 = Xpp1 +ax; 4.3)

When a = —1, and for initial values x; = 0.2, x, = 0.3, the resulting two-dimensional
map has the hexagonal form illustrated at the top left of Figure 4.1. The hexagon

79
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at the top right is formed by considering random initials values (x;, x;), uniformly
chosen from the interval [0, 1]. This iterative scheme generates a discrete oscillation
over time (bottom of Figure 4.1).

FIGURE 4.1: A simple delay oscillation scheme (a = —1)

A variation of the hexagon in Figure 4.1 can be obtained by introducing a Eu-
clidean distance term in equation (4.1):

X1

VX + X

Figure 4.2 shows the corresponding two-dimensional map for a negative value of
a, related to the size of the graph.

Xiv1 = X+ a

FIGURE 4.2: Variation of the simple delay model
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4.2.2 The delay logistic model

The delay logistic model is given by the equation:

X1 = bx(1 = x-) 4.4

It has several interesting properties, depending of course on the values of b, but,
mainly, on the values of the delay parameter m. Clearly, for m = 0 equation (4.4)
reduces to the logistic equation. The main difference when the delay is present is the
formation of a limit cycle (Figure 4.3(b)). There is also a marked time period, during
which the system takes zero values. The resulting (x;, x,—,,) diagram can be seen at
the top of Figure 4.3(b), with the (¢, x;) diagram at the bottom.

The oscillations of the map (4.4) are of a particular form. Each oscillation is
followed by a linear term with value of zero. The distance between two successive
oscillations depends on the delay parameter: The higher the delay, the higher the dis-
tance. The simplest case is illustrated in Figures 4.3(a) and 4.3(b). (The parameters
arem = 1,b =2.271 and m = 10, b = 1.2865 respectively).

(@m=1 (bym =10

FIGURE 4.3: The delay logistic model

The special case with delay m = 1 has an interesting property, which can be seen
when examining the left corner (corresponding to the origin) of the (x;_,,, x;) diagram
closer. The graph exhibits a small “fold,” as illustrated in Figure 4.4(a). The m = 5
case is even more interesting, with three folds (Figure 4.4(b), b = 1.44413).

Table 4.1 summarises the values of b used in our simulations. These are the max-
imum values for b for which the model makes sense.
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(a) Delay logistic (m = 1) (b) Delay logistic (m = 5)
FIGURE 4.4: Folds in the delay logistic model

TABLE 4.1: Limiting b values for the delay logistic

m| 1 2 3 4 5 10
b [2271]1.8395|1.6393 | 1.52195|1.44413 | --- | 1.2865

4.3 Time Delay Differential Equations

The general form of a time delay differential equation is given by
x = f(x, x-1) 4.5)

where T > 0 is the time delay. The simplest time delay differential equation form is
the linear equation

X = —ax, (4.6)

The transformation 7' = at turns (4.6) into

Y=—Yr-a

where yr = x7/,.

A very interesting observation here is that the parameter a is directly related to the
delay; The delay increases along with a. Theory suggests that for a = 7 the delay
equation has periodic solutions, whereas for @ < 5 solutions converge to zero, and
for a > 7, solutions diverge to infinity (Hoppensteadt, 1993).

Using a linear spline approximation method, we can perform a simulation of the
above simple time delay equation. The key step in this method is to take the delay
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interval T and divide it into n equal parts. The iterative process is given by the
following scheme:

yO = —ayy

y1 = —ny1 — yo)

. 4.7
yi = —n(y; — Yi-1)

yn = —”(!/n - yn—l)

This system was solved by using a fourth order Runge-Kutta method of numerical
integration, proposed at the end of the nineteenth century by the German mathemati-
cians Carl Runge and Wilhelm Kutta (Runge, 1895; Kutta, 1901). The method is
widely used and, when properly applied, gives good results. The selected time incre-
ment & must be sufficiently small, and the number of intervals n large enough. Sev-
eral iterations were tried out for various values of n. When n = 15 and & = 0.001, the
accuracy of the method is good. Figure 4.5 illustrates the two-dimensional Poincaré
map,! and the periodic solutions of the system when a approaches 5. The oscillations
are not stable; small changes of the parameter a from the value 7 lead to diverging
or converging oscillations.

FIGURE 4.5: A simple delay model (n = 15)

The behaviour of the simple oscillating scheme simulated above shows that oscil-

A Poincaré map is a two-dimensional representation of a multi-dimensional flow of a non-linear
system. Geometrically, this map results by cutting the curves of a multidimensional flow by a plane. In
our case, a delay equation with delay m is equivalent to an m-dimensional system, and several Poincaré
maps may be selected, for instance (X¢, Xr4m), (Xerm—15 Xr+m)s (Xes Xe41)5 (Xz, X242) and so on. Each of these
maps leads to different graphs, showing us different aspects of the flow.
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lations appear very naturally in a system with memory. This is because the model ex-
pressing the behaviour of the system integrates into the differential-difference equa-
tions the past as one or more delay variables. As a consequence, delay means oscil-
lations.

Experience confirms the appearance of oscillations in very many systems where
delays are inherent. Delays in human decisions on social, economic, technolog-
ical or political systems may lead to oscillations. Short- or long-term economic
cycles, social or political changes, innovation or technological cycles may be ex-
pected when time delays are present. Biological cycles, biological clocks and other
oscillating mechanisms of humans and other living organisms are some of the nu-
merous cases where delays are present in nature. Chemical oscillations and the
Belousov-Zabontiski reactions modelled and studied extensively by Prigogine and
his co-workers (Prigogine and Lefever, 1968; Prigogine et al., 1969; Nicolis and
Prigogine, 1981; Prigogine, 1995, 1996, 1997) are also examples of the effect of de-
lays in the formation of the intermediate substrates until the formation of the final
product.

4.4 A More Complicated Delay Model

Using the same method presented above, we simulate a more complicated delay
model, which has a more stable oscillating behaviour. The general delay equation
for this model is

i=—ax.(1-x) (4.8)

The oscillations of (4.8) are quite stable when a > 7, and they exhibit a very inter-
esting behaviour for some values of a. The parameter b is an integer, and two distinct
cases are considered, depending on the parity of b. When b = 1, the model (4.8) re-
duces to a continuous delay logistic model.

Of special importance is the case where b = 2. When b = 2 and a = 14, sim-
ulation results in the very important form shown in Figure 4.6. The resulting two-
dimensional map is an almost perfect square, irrespective of the starting point, as
long as this point is inside the square, i.e. if the starting values are in [0, 1]. This
rectangular form shows for any a > %, with the sharpness of the corners depending
on the value of a. In the case studied in Figure 4.6, the linear spline approximation
method was used with n = 30, & = 0.001 and initial value x = 0.2, and it gave
very good results. The rectangular oscillations appear to be quite perfect and may be
useful in several applications.

The oscillations are quite different when b is odd. The behaviour in this case is
similar to that of the discrete delay logistic model (Figure 4.7, b = 1, a = 3.7,
n = 15). The delay equation in this case is:

X =—ax;_1(1—x,) 4.9)
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FIGURE 4.6: Delay model (b = 2); a square pattern

FIGURE 4.7: Delay logistic model
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4.5 A Delay Differential Logistic Analogue

The appropriate differential equation analogue to the delay difference equation (4.9)
is:
Xm = bx(1 — x,,) (4.10)

In order to perform a simulation of (4.10), the method of linear spline approxima-
tion presented in page 83 will be used. The intermediate step is s and the iteration
step is d. The delay term is included only in the first equation. It is the last term to
the right of the first equation. By changing this delay term, or replacing it by another,
many interesting cases arise.

x1 =x1 +bx1(1 = x,)d

m
X2 =Xp— ?(xz - xpd
“4.11)

m
Xm = Xm — ?(-xm - xm—l)d

Figure 4.8(a) illustrates the (xy, x,,,+1) and (¢, x;) diagrams for the case where b =
1.22,d = 0.01, s = 3 and m = 14. There is a clear similarity with the previous case
of the difference equation above.

The simulation producing Figure 4.8(b) is based on another delay equation:

S = bxp(1 = x2) (4.12)

The parameters in Figure 4.8(b) are m = 15, s = 6, d = 0.001 and b = 2.6. As
can be seen from the figure, the (xi, x,,+1) graph is an almost perfect square. Close
inspection, however, will show that the corners are not very sharp. This is due to the
choice of the parameters and of the integration step. Nevertheless, equation (4.12) is
a continuous equation very appropriate for expressing a square. The oscillation turns
out to exhibit a step form.

In both cases presented above, b was selected close to its upper limit. However,
one can have several intermediate cases of particular interest.

4.6 Other Delay Logistic Models

Another form of a delay logistic model is expressed by the following difference
equation:
Xee1 = ax; + bxm(1 = xi—m) (4.13)
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(a) Delay Logistic (m = 14) (b) An almost perfect square

FIGURE 4.8: Oscillations and limit cycles in delay logistic models

This is a delay model that integrates the influence of a logistic like interaction to
the future. As a simple example, consider the impact of a “word-of-mouth” com-
munication between x adopters and (1 — x) potential adopters of an innovation or an
idea, communicated m time units in the past, and influencing people at the present
time. This happens very frequently in marketing, economic, social or political sys-
tems. The impact of this time-delayed influence to the evolution of x in the future
will be studied by varying the width of the delay interval m and the values of the
parameters a and b. The ax, term represents the current adopters who continue, and
the bx;_,,(1 — x,_,,,) term represents the new adopters.

In this model, limit cycles, bifurcation and chaotic behaviour appear. A large
variety of oscillations and chaotic oscillations appear, depending on the level of the
delay. But, even in the simplest cases of one or two units of delay, the behaviour of
the system is quite complicated. High delay levels ensure chaotic behaviour.

The simplest form of (4.13) is when m = 1. The more interesting forms appear in
Figure 4.9(a). The six realisations, A through F, illustrate the behaviour of the system
when b is 1.706, 1.717,1.751,1.758, 1.77 and 1.795 respectively. Throughout, a was
set to 0.9 and x; was set to 0.1. As b increases, limit cycles are followed by chaotic
behaviour.

Figure 4.9(b) examines the case where m = 2. Again, limit cycles, bifurcation
and then chaos appear as b increases. figures A through F correspond to b values of
1.2,1.22,1.241,1.252,1.259 and 1.269 respectively (¢ = 0.9 and xy = 0.1).

The m = 3 time delay has an interesting effect on the two-dimensional graph (Fig-
ure 4.9(c)). The bifurcation is more complicated, and leads to a chaotic picture with
a period doubling. The parameter a and the initial value x; are as in the preceding
example, whereas b is 0.96,0.965,0.99,0.991, 0.994 and 1.016 respectively.

When m =5, a = 0.9 and xy = 0.95, the time-delay effect is more apparent. (Fig-
ure 4.9(d)). The values of b are 0.74,0.743,0.747,0.754,0.758 and 0.762 respec-
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(@m=1 bym=2

(©ym=3 (dm=5

FIGURE 4.9: Chaotic attractors of a delay logistic model
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tively. The form of the graphs is similar to the m = 3 case. Limit cycles, bifurcation
and chaotic behaviour are again present.

4.7 Model Behaviour for Large Delays

When the time delay m is large or extremely large, the form of the graphs tends
to be stable for changes of the delay parameter and keeps the form of the chaotic
attractors. The model is expressed in a high dimensional space, and the form of
the attractors is influenced by the delay mechanisms, not merely by the form of
the delay equation. This can be seen by comparing the logistic delay model to the
Glass model (Mackey and Glass, 1977). The two models look completely different in
terms of their analytic equations, but the chaotic attractors and the resulting chaotic
oscillations are very similar.

Figure 4.10 illustrates the two-dimensional graphs for the logistic delay model
when m = 40, a = 0.9 and xp = 0.95. The parameter b here takes the values
0.36,0.37,0.38,0.3813,0.3818 and 0.41 respectively.

Graph A represents a classical limit cycle, whereas graph B corresponds to a first
order bifurcation, and graphs C and D show second and third order bifurcations
respectively. Higher order bifurcations appear in graph E, and chaotic behaviour is
present in graph F.

FIGURE 4.10: Chaotic attractors of the logistic delay model (m = 40)

The chaotic behaviour presented in graph F of Figure 4.10 shows great similarities
to that arising from a discrete delay Glass model of the form

Xpul = ax; + b2 (4.14)

10
1 +x.2,
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The Glass model (graph A) and the logistic model (graph B) are compared in
Figure 4.11. The delay parameter is m = 40 and a = 0.9 for both models, and b is
set to 0.18 for the Glass model and 0.4 for the logistic model. The similarities are
striking, both in the two-dimensional attractors as well as in the chaotic oscillations,
presented in the lower part of the figure.

FIGURE 4.11: Comparing the Glass (A) and the logistic (B) delay models
(m = 40)

Various general models were also tested, with similar results. Such general models
are of the form
Xep1 = ax; + F(xiom)
Examples of specific models that exhibited behaviour similar to that of the Glass
and the delay logistic models in the chaotic region are:

LG2 Xep1 = ax; + bx,_, (1 — xtz_m)

LG3 Xee1 = ax; + bx,_, (1 — x?,m)

GRM1 Yool = ax; + b% (4.15)
Gauss Xl = ax; + e~ cx-n=h?

Gompertz Xey1 = ax; — bx;_, In(x,_ )

We refer to the five models as delay LG2, delay LG3, delay GRM1, delay Gauss
and delay Gompertz respectively. Chaotic behaviour is expressed for the following
values of the parameters:

In all these cases, the attractors have the same shape as that illustrated in Fig-
ure 4.11.

A different chaotic behaviour is exhibited by the following delay exponential
model:

Xie1 = X; + bx;_ e (4.16)
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TABLE 4.2: Parameter values on which various
delay models exhibit chaotic behaviour
Model | LG2 | LG3 | GRMI Gauss Gompertz

a [09 | 09 0.95 0.9 0.9
b(c,k)| 0.3 |0.243[0.1(0.84)|0.17(4,0.7)| 0.28

Model (4.16) gives a relatively stable limit cycle for various values of the parameters.
Figure 4.12 illustrates this limit cycle and the related oscillations when the para-
meters of the model take the values a = 0.9, b = 3.2 and ¢ = 0.8. A shape like that
of a pigeon drawn by a modern painter appears.

FIGURE 4.12: The delay exponential model

4.8 Another Delay Logistic Model

A somewhat different delay logistic model is given by the following difference
equation:
Xep1 = bxp_py + ax,(1 — x;) 4.17)

When m = 1, this system reduces to a system equivalent to that of the Hénon
model:

Xep1 = bx,p + ax,(1 = x;) (4.18)

The analysis of system (4.18) when b = —1 shows that it has a stable fixed point
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when

x=1--
a
which turns into the period-2 orbit with:

_a+2+ v(@-6)a+2)
- 2a

The Hénon model is usually presented in another form, as a two-dimensional
model expressed by a system of difference equations:

X1 = by, + 1 — ax,2

Yrel = X

(4.19)

However, note that the second equation of (4.19) implies that y, = x,-;. We can
therefore substitute this into the first equation, and then the following delay equation
results:

Xist = by + 1 —ax] (4.20)

Equation (4.20) is equivalent to (4.18), as can be easily observed in Figure 4.13(b).
The small attractor produces the large attractor by rescaling and translation. The
large attractor is the (x;, x,41) image produced by equation (4.20) when a = 1.4 and
b = 0.3. The small attractor is the one produced by equation (4.18) when a = 3.17
and b = 0.3.

(a) Delay cosine-Hénon (b) Delay logistic-Hénon

FIGURE 4.13: Delay logistic and delay cosine Hénon variants

In Figure 4.13(a), the two attractors look as if they were produced by reflection
and translation of one to the other. The attractor on the top right of Figure 4.13(a)
is the Hénon attractor provided by the system (4.19). The cross near this attractor is
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located at the origin (0, 0), whereas the cross close to the attractor on the left of the
same figure is located at (—, —). This attractor results from the system

X1 = by, + acos(x;)

4.21)
Yrr1 = X
and its corresponding delay equation
Xpe1 = bx,_1 + acos(x;) 4.22)

This system looks very different from (4.19), algebraically, yet the attractors are very
similar. The attractor in Figure 4.13(a) is formed when b = 0.3 and a = 3.22.

Equation (4.22) retains some of the properties of the Hénon map, but it also con-
tains other interesting properties, presented in Figure 4.14 (a = —0.4, b = —1). The
map (4.21) is an area-preserving map, as its Jacobian is J = b = —1. The influence
of the cosine function in the delay equation is clear: The various forms are repeated
many times by following 45° and 135° degrees of symmetry.

FIGURE 4.14: Chaotic patterns of the delay cosine model

Figure 4.15(a) shows the bifurcation diagram (a,x) for 0 < a < 7 + 0.1 and
b = —1. The parameter value a = 7 gives rise to an interesting carpet-like form
(Figure 4.15(b)). An infinite number of islands are included inside the chaotic sea.

Another carpet-like attractor appears in Figure 4.16(a). Here b = —1 and a =
% — 0.5. As a is less than the characteristic value % the islands cover more space
inside the chaotic sea. The chaotic sea almost disappears in Figure 4.16(b). The
islands have now become very ordered geometric structures, and cover almost the
entire plane. Here a = 5 — 1.5.

There is a systematic way of drawing these graphs. The center of the square-like
forms is located at distances proportional to 7, whereas the outer dimension of these
squares is also equal to 7. The squares are also related to each other in terms of their
creation over time. With the exception of the central square, all the other squares are
generated in groups of four.
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(a) The bifurcation diagram (a, x) (b) A carpet-like map

FIGURE 4.15: Carpet-like forms

(a) A carpet-like pattern (b) Groups of square-forms

FIGURE 4.16: Carpet-like forms
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Figure 4.17(a) illustrates the same map as in Figure 4.16(b), but in the latter case
only the centers and the corresponding squares are present. When the control para-
meter is very small, a = 0.01, almost perfect squares appear. This is illustrated in
Figure 4.17(b). The chaotic sea almost disappears and the non-symmetric islands
become geometric objects. The original central square is drawn (starting with an
initial value a bit less than %), along with the first group of four surrounding squares
(starting with an initial value a bit more than %).

(a) Square-like forms (b) The generating squares

FIGURE 4.17: Square-like forms

The case of b = 1 is illustrated in Figure 4.18(a). The control parameter here is
a = 5. The building blocks for the construction of the above carpet-like form are two
interrelated objects close to the origin (marked by a cross in Figure 4.18(b), where a
was set to 0.001). The two forms have the shape of almost perfect squares, with their
centers located at (-5, 7) and at (§,-%).

The bifurcation diagram (b, x) appears in Figure 4.19(a). Period doubling and to-
tally chaotic regions are clearly present. At the end of the diagram the chaotic region
has a stochastic character. The oscillations seem to cover the entire plane. Interesting
windows and special forms appear when a takes the special values %, 7, %” mand 37”
The value 37" is the lower limit for the control parameter a. Beyond it, the chaotic
sea covers the entire plane, with no islands present. Figure 4.19(b) shows the case
where a = 7. On the outer part of each pattern we can see 6 small islands.

When a = 2?” the fixed point bifurcates into a period-2 orbit. This is illustrated in
Figure 4.19(c). The six islands from the preceding case are now separated from the
original form, and are inside the chaotic sea. On the boundary one can now see 4
islands. The system is at the starting point of the bifurcation. In Figure 4.19(d) the
bifurcation has been completed, and two distinct chaotic objects appear. The control
parameter at this point is a = 7.

When the control parameter is increased, a triangular form appears (Figure 4.20(a),
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(a) Irregular patterns (b) The generating squares

FIGURE 4.18: Irregular patterns

(a) Bifurcation diagram (b, x) (b) Islands in the chaotic sea, a = 5

(c) Islands in the chaotic sea, a = 23—” (d) The order-2 bifurcation

FIGURE 4.19: Islands in the chaotic sea
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a= %" —0.008). When a gets closer to %”, the triangular form splits into three objects
around the central one (Figure 4.20(b), a = 65—” -0.02).

(a) A triangular island (b) An order-3 bifurcation

FIGURE 4.20: Triangular islands

The Hénon model was introduced here in order to compare it to the other delay
models. However, the Hénon model is a very interesting model, deserving its own
study. A more detailed analysis of the Hénon model will be the subject of the next
chapter.
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Questions and Exercises

1.
2.

Determine the sides of the large hexagon appearing on the right of Figure 4.1.

Draw the (x;—;, x;+1) and (z, x;+1) graphs for the Gompertz delay model and for
various positive values of the parameters a, b and m.

Draw the graph of the same model for m = 40, a = 0.9 and b = 0.28, and
compare the resulting figure with that of the Glass and the logistic models.

Replace the cos(x,) term into the delay cosine map (Equation (4.22)) by Taylor
approximation to the cosine

2
cos(x) =1- ?'
and draw the bifurcation diagram for b = —1 and compare the resulting figure
with that provided for the delay cosine model. Find the characteristic points
and compare them to those of the delay cosine.

. Repeat the analysis and graphs of the previous problem, but now for the delay

map

X7
X1 = =Xy +all - —
C

where ¢ is a positive parameter. Find similarities and differences with the
previous case.

Find the Jacobian of the map in the previous problem, and generalise your
result to a map of the form

X1 = =X +af(x,)

where f(x;) is a continuous smooth function.

. Can you draw carpet like forms by using the map resulting from the approxi-

mation of the cosine? Justify your answer.

What happens to the number of “folds” in Figure 4.4(b) as the delay parameter
m increases?

Examine what happens when the parameter b in (4.8) is allowed to take non-
integer values.



Chapter 5

The Hénon Model

The Hénon model is a two-dimensional model introduced and analysed by Hénon
(1976). This model can also be expressed by a delay difference equation:

Xs1 = bxiy + 1 —ax? (5.1

By introducing a new variable, y; = x,.1, (5.1) is transformed into a system of two

ordinary difference equations:
X1 =y + 1 —ax?
+1 = Yr t (5.2)
Y1 = bx;

The Jacobian determinant of (5.2) is given by:

0Xpp1 0X4
0x; Ay,

OYre1 OYir1
0x; Ay,

detJ = =-b

When b = 1, the resulting map is area preserving, but the system is unstable. The
system becomes stable for 0 < b < 1. A variety of maps appear when a and b vary
over a range of values, and the resulting maps take the form of chaotic attractors.
We will see a variety of these attractors in this chapter. The most known chaotic
attractor of the Hénon model appears when a = 1.4 and » = 0.3, and is illustrated in
Figure 5.1.

5.1 Global Period Doubling Bifurcations in the Hénon
Map

Global period doubling bifurcations in the Hénon map have been studied by many
researchers, and a very detailed analysis can be found in Murakami et al. (2002).
The analysis of the Hénon map is based on (5.1) and (5.2). The fixed points (x4 =
X, Yre1 = y,;) of the map are the solutions of the second-order polynomial:

ax’—(b-Dx-1=0

namely

ML Vo -12+4a

! 2a

Y =X

99
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FIGURE 5.1: The Hénon map

The period-2 orbit can be found from the relations x;,» = x; and y,.o» = y,. The
resulting fourth-order equation for x has the two extra solutions

_—(b-1Dx \-3(1-bP +4a

2a

Xy Y = X;

5.1.1 Period doubling bifurcations when b = -1
When b = —1, the map has the stable fixed point

X=—————— Y =X

for —1 < a < 3. This turns into the period-2 orbit

_l+\/a—3y 1-+Va-3

X1 1=
a a (5.3)
1-Va-3 1+ Va-3
=Ty =

at the value a = 3. This orbit remains stable for 3 < a < 4. The second period
doubling takes place at a = 4, giving rise to the period-4 orbit with

1 1 2 \!?
= —, :—]——
Y va( va)

X2 = —Y1, Yo = X 5.4
X3 = X1, Y3 = —Yi
X4 = Y1, Y4 = X1

The third period doubling bifurcation takes place when a = 4.12045, giving rise
to a period-8 orbit. This last value of a is the root of:

4aNa—-a)+1=0
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5.1.2 Period doubling bifurcations when =1
When b = 1, the fixed points of (5.2) are at

I

va'’'”

These are both unstable when a > 0. The period-2 orbit consists of the points

X==

(5.5)

This orbit becomes unstable when a = 1, and we have a bifurcation into a period-4
orbit. The period-4 orbit undergoes a period doubling bifurcation at a = %ﬁ =
1.13397 and leads to a period-8 orbit. The period-8 orbit bifurcates into the period-
16 orbit at a = 1.15135. We leave the details to the reader.

5.2 The Cosine-Hénon Model

During the simulation process related to the global period doubling bifurcation,
difficulties arise on the estimation of the starting parameters, as well as of the local
or global instabilities related to the period doubling. It is, therefore, more convenient
to use an analogue of the Hénon system, based on trigonometric functions:

Xip1 = by, +2a(cos(x) — 1)+ 1
+1 Y ( (xr) ) (5.6)
Yrel = X

This model is called the cosine Hénon model. The relation between the two models
is that the Hénon model (5.2) is the model obtained from (5.6) when the cosine term
is replaced by its second-order Taylor approximation:

2
1
cos(x;) =1 >
Therefore, this new model retains many of the properties of the Hénon model,
but it also has other distinct properties. This model accepts a wider range of initial
values in the (x,y) plane. Furthermore, the values of the control parameter related
to the period doubling bifurcations of the Hénon map are close to the corresponding
values of the control parameter for the cosine model (b = —1). The fixed point at
the critical value a = 3 is illustrated in Figure 5.2(a). Also present in this case are 7
islands on the boundary. Figure 5.2(b) illustrates the period-2 orbit at a = 3.23. The
system is in sub-critical state, just before the completion of the next global period
doubling. We can see 11 islands on the boundary.
Figure 5.2(c) illustrates the period-4 orbit of the cosine map with b = —1 and
a=4.11.
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(a) The fixed point (a = 3) (b) The period-2 orbit

(c) The period-4 orbit

FIGURE 5.2: Orbits in the cosine Hénon model
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5.3 An Example of Bifurcation and Period Doubling

Figures 5.3(a) and 5.3(b) illustrate some interesting cases regarding the bifurcation
and period doubling when the parameter b of the cosine Hénon model takes the
value b = 1. The system will undergo period doubling when a = 1. Figures 5.3(a),
5.3(b), 5.4(a) and 5.4(b) show the map when the control parameter is @ = 0.8, 0.98,
1.02 and 1.3 respectively. In Figure 5.3(a), a double structure appears. After the
period doubling, we see that, in each of the original structures, the central island has
turned into three separate forms. In Figure 5.4(b), the period-4 islands are completely
separated.

(a)a=0.8 (b) a =0.98

FIGURE 5.3: Bifurcation forms in the cosine Hénon model

5.4 A Differential Equation Analogue

A differential equation analogue to the Hénon model is given by the following
system of two coupled differential equations

X=by+1—ax’* —x
(5.7)

y=x-y
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(a)a =1.02 (b)ya=13

FIGURE 5.4: Higher-order bifurcations in the cosine Hénon model

This system has fixed points at

b—1++(b-1)7+4a

2a

XxX=y=

When b = —1, these fixed points become:

xX=y=

which is precisely the same as the fixed points for (5.2).
Similarly, when b = 1, the provided value is x = y = i% which is also the same
value as that provided from the difference equation case.

5.5 Variants of the Hénon Delay Difference Equation

A number of variants of the Hénon model give rise to some interesting attractors.
We discuss a couple of these variants, involving either higher-order delays (sections
5.5.1,5.5.2), or simply changes in the way the first-order terms are introduced (sec-
tions 5.5.3, 5.5.4).

5.5.1 The third-order delay model

An extension to higher delay dimensions is given by

Xip1 = bx;_z + ax,(1 — x;) (5.8)
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Similar to (5.2), the difference delay equation (5.8) can be turned into a system of
four ordinary difference equations. The number of time delays in the delay difference
equation is equal to the number of new equations of the ordinary difference equation
system. The model (5.8) exhibits three time-delay periods, and is characterised by a
very interesting attractor when the parameters are a = 3.2 and b = 0.2 (Figure 5.5).

FIGURE 5.5: A third-order delay model

5.5.2 Second-order delay models

The following variant, with a second-order delay term, is extremely simple, having
only one parameter b:

Xt = —bx; + X X2 (5.9

The attractors of the model are however very interesting. Figure 5.6 for instance
shows the attractor when b = 1.37.
Another interesting variant with a second-order delay is the following:

Xep1 = X+ alX o — X, ) (5.10)

When a = 0.52, the resulting map and the related oscillations (¢, x) are illustrated in
Figure 5.7.
A more complicated model is given by:

X4l = bxtz_l —ax; + X;X;—» (5.11)

This is a two-parameter delay model with both first- and second-order delay terms.
There is a characteristic limit cycle obtained when the parameters have values a =
1.2 and b = 0.75. The repeated oscillations and the limit cycle are presented in
Figure 5.8.
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FIGURE 5.6: A second-order delay model

FIGURE 5.7: The order-2 delay model

FIGURE 5.8: A complicated delay model
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5.5.3 First-order delay variants

Interesting first-order delay variants of the Hénon model arise when one of the two
terms on the right-hand side of (5.1) is altered.

For example, if we replace the quadratic term with a delay logistic term, the re-
sulting model has the form:

Xee1 = bxyoy +ax,(1 — x,_1) (5.12)

Figure 5.9 illustrates the two-dimensional map, and the related oscillations, when
a=235and b =0.2.

FIGURE 5.9: A Hénon model with a logistic delay term

Another variant arises by altering the first term:
Xp1 = bxpxig +1 — a)c,2 (5.13)

For a = 1.72 and b = 0.6, the resulting map and related oscillations are illustrated in
Figure 5.10.

As in the case of the original Hénon model, it is more convenient, for further
analysis, to transform (5.13) into a system of two difference equations:

2
Xep1 = Xy + 1 —ax;

(5.14)
Y1 = bx;

The Jacobian determinant of (5.14) is
det.l = _bxt.

This indicates that the model (5.14) has properties different from those of the Hénon
model.
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FIGURE 5.10: A variation of the Hénon model

5.5.4 Exponential variants

The introduction of an exponential term into (4.20) gives rise to a variant with a
very complex attractor (Figure 5.11, a = 0.8, b = 0.36), which we will call the Henia
attractor. The equation is

Xie1 = bx_y + 1 — ax’e (5.15)

FIGURE 5.11: An exponential variant of the Hénon model
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5.6 Variants of the Hénon System Equations

Other interesting variants arise from altering the system (5.2). An example is the
following:

Xep1 = bx; + ¢y — 2%y, (5.16)
Y1 = aly, — x;) ’

For appropriate values of the parameters, interesting stone-shaped attractors appear
(Figure 5.12 (a = 0.8, b = 0.48, ¢ = 1.1)).

FIGURE 5.12: A 2-difference equations system

Another set of extensions involves the introduction of a third variable:

X1 = bXy — Y — Xi%
Yrr1 = —CZ + X2y 5.17)

21 = a(z — Xyp)

Depending on the values of the three parameters, this model exhibits limit cycles,
bifurcation and finally chaotic behaviour. Figure 5.13 illustrates these cases. The
parameters a and c are fixed at 0.95 and 0.4 respectively, while b takes the values
0.62,0.628,0.6337,0.6348,0.6355 and 0.637 respectively. The graphs represent the
(x, y) map.
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FIGURE 5.13: A three-dimensional model

5.7 The Holmes and Sine Delay Models
5.7.1 The Holmes model

The Holmes model can be thought of as an extension of the Hénon model (Holmes,
1979a). The general form of the Holmes model is:

Xep1 = bxiy + ax; — xf

The Holmes model, when b = —0.2 and a = 2.765, provides a characteristic sigmoid
map and quite complicated chaotic oscillations (Figure 5.14). When b > 0, the

FIGURE 5.14: The Holmes model (a = 2.765,b = —0.2)

Holmes model gives a rich sigmoid form (Figure 5.15, b = 0.3 and a = 2.4).
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FIGURE 5.15: The Holmes model (a = 2.4,b = 0.3)

5.7.2 The sine delay model

The model proposed by Holmes is an approximation' of a sinusoidal one, called
the sine delay model, of the form:

Xip1 = bx;_ + asin(x;) (5.18)

This model, for relatively small values of a, shows similar behaviour to that of the
Holmes model. However, when a takes large values, the map changes into a series
of sigmoid forms. The number of maxima or minima of the resulting curves can be
estimated according to the number of solutions of the equation

(1 = b)x —asin(x) = 0.

In the example presented in Figure 5.16, the delay parameter is fixed at » = 0.3 in
both cases, and the parameter a is set to a = 3.0772 for the case A and a = 2x3.0772
for the case B. It is clear, by observing the resulting maps, that by doubling the value
of a, the number of maxima or minima is also doubled.

When b is small, there is a close relation between the maxima and minima of this
map, and the maxima and minima of the function

y = f(x) = (1 — b)x — asin(x).

The relation can be seen in Figure 5.17(a). Note further that the range of x values for
the map ends exactly at the last solution to f(x) (the solutions to f(x) = O are exactly
the fixed points of the sine delay map). Figure 5.17(b) shows the case where b = 0.3
and a = 6.5(1 - b)r.

When b takes values closer to 1, say b = 0.88, the situation changes radically, as
the attractor is now separated in two very similar parts (Figure 5.18(a)). There is now

IThe approximation can be seen by replacing sin(x) with its third degree Taylor approximation, x —

x.

=
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FIGURE 5.16: The sine delay map (b = 0.3)

(a) Solutions to the fixed point equation for (b) Maxima and minima of the sine de-
the sine delay model lay model and the corresponding fixed point
equation

FIGURE 5.17: The sine delay model
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little relation with the maxima and minima of the fixed point equation. The values
a =3 and b = 0.8 produce the very interesting attractor of Figure 5.18(b).

(a)b =0.88 (b)a=3,b=08

FIGURE 5.18: The sine delay model for large b

Things change quite a bit when b = 1. In this case, the map takes the form
Xep1 = Xp—1 + asin(x;).

The resulting simulation is shown in Figure 5.19(a) for a = 1.2. The process follows
a random sequence that gradually occupies the entire (x,_i, x;) plane. The basic
forms of the two generating shapes can be seen more clearly in Figure 5.19(b), where
a=0.8.

Both shapes are identical but they are a ninety-degrees rotation of each other. Both
shapes become closer to a square with rounded corners as the parameter a takes very
small positive values (Figure 5.20,a = 0.1).
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(@a=12 (b) Close look at the two shapes, a = 0.8

FIGURE 5.19: The sine delay model for b = 1

FIGURE 5.20: The sine delay model (a = 0.1)
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Questions and Exercises

1.

Verify that the fixed points and period-doubling bifurcations of the Hénon map
for b = 1 and b = —1 are as described in section 5.1.

Examine the behaviour of the Hénon map for b = 3.
For each of the maps (5.9), (5.10) and (5.11):

(a) Determine the fixed points and second-order fixed orbits, and their sta-
bility.

(b) Rewrite them as systems of 3 difference equations without delay, and
calculate the Jacobian determinants of these systems.

Determine the fixed points of the sine delay model given by equation (5.18)
when b = 1, and their stability. Use this information to explain the carpet-like
forms arising when b = 1 (Figure 5.19(a)).

. Continuing from the previous question, run simulations with different para-

meter values, and examine whether the carpet-like formations are present, and
how they spread across the plane.

Explain why for small b there is a relationship between the maxima and min-
ima of the sine delay model (x;, x;+1) map and the maxima and minima of the
equation for the fixed points of the map.

Estimate the number of maxima and minima of the fixed point equation for the
sine delay model:
f(x) = (1 = b)x — asin(x)

Hint: Find an equation for those maxima and minima from f’(x) = 0, and
estimate the n beyond which f(c) > 0 at the minima.






Chapter 6

Three-Dimensional and
Higher-Dimensional Models

In this chapter, we present a number of higher-dimensional models that exhibit
chaotic behaviour. Before we delve into particular examples, though, a general dis-
cussion of the behaviour of such systems near their equilibrium points is necessary.

6.1 Equilibrium Points and Characteristic Matrices

Let us consider a general autonomous system of the form

X = x(x,y,2)
y=y(xy,2) (6.1
X =2z(x,y,2)

and suppose X = (X9, Yo, 20) is an equilibrium point for it, i.e. a point where
Xo = (%o, Y0, Z0) = (0,0,0).

Consider the matrix:
ok 0% 9%
ox Oy 0z
A=|% % 3
T |ox oy oz
3 0z 0z
ox dy 0z
Then, at a point x = X, + h sufficiently close to x;, we can assume, using a first order

Taylor approximation, that X is given by:
Xx=%+A-h=A-h
Suppose now that the matrix A has a real eigenvalue, say A;, with eigenvector
h;. Then, the orbit of a particle placed at xo + dh; will move away from xg, in the

direction of the vector hy, since its position after a short time ¢ would be:

X() ~ (Xo + 6h) + X - £ = X + (6 + 4, O)h;.

117



118 Chaotic Modelling and Simulation

So any equilibrium point with a positive eigenvalue will be unstable. To determine
these eigenvalues, we need to compute the roots of the characteristic polynomial

o _ 0k 0%

PN g
— 9y 9y _ %Y
|A - AI' - Ox Ay Z 0z
A )
ox dy 0z

The matrix A — Al is called the characteristic matrix of the system.

6.2 The Lotka-Volterra Model

As an illustration of the above theory in a simpler case, let us consider a classical
two-dimensional system, the Lotka-Volterra model, also known as the predator-prey
model. In its simplified form, the Lotka-Volterra model has the form:

X=x-2xy

. 6.2)
y=-y+xy

In the terminology of Chapter 7, this is a conservative system with first integral of
motion:
f(xy) = xye™™
It has two equilibrium points, at (x, y) = (0,0) and at (x,y) = (1, 1). The characteris-
tic polynomial is given by

y+l-a  —x
Y B R et VR CEV RN

At (x,y) = (0,0), the characteristic equation is
A2-1=0

and the system has two real eigenvalues 4;, = +1. The eigenvectors correspond to
the two directions where there are no predators, and where there are no prey. Since
one of these eigenvalues is positive, the system is unstable. At (x,y) = (1, 1), the
characteristic equation is

2+1=0

and the system has two imaginary eigenvalues, 4;, = =+i. The system will cycle
around this point.
Using linearization, we see that near (0,0), the system can be replaced by the
simpler system
xX= x

y=-y
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whose orbits are the hyperbolas xy = c. Near (1, 1), if we use coordinates (£,7) =
(x—1,y — 1) centred at 1, 1, the system can be replaced by the simpler system

E=-n
n= ¢

whose orbits are counterclockwise circles &2 + 1% = (x — 1)? + (y — 1)* = c.

6.3 The Arneodo Model

The simplest three-dimensional chaotic models are based on a system of three
linear differential equations, on which we add a non-linear term. An example of
such a system is the Arneodo model:

X=y
y=1z (6.3)

Z:—(z+sy—mx+x2)

where s and m are parameters.

This model was proposed by Arneodo et al. (1979, 1980, 1981a), in their work on
systems that exhibit multiple periodicity and chaos. The Jacobian determinant of the
model is

J=-m+2x.

There are two stationary (equilibrium) points, the origin (0, 0, 0), and (m, 0, 0).

In Figure 6.1, the (x, y) diagram of the system is shown (s = 3.8 and m = 7.5, the
initial values are (xo = 0.5 and yp = zp = 1). An integration method was used with
integration step d = 0.001.

A slight variation, replacing the last equation in (6.3) with

Z=—(z+sy—mx+x3)

leads to a model with a more stable behaviour. Figure 6.2 shows the projections of
the three-dimensional solution path of this system to the three planes (x, y), (x, z) and
(y, z) respectively. The parameters are as above, except that m = 5. The bottom part
of this figure shows the chaotic oscillations in the (y, f) space.

The resulting paths of this modified system have a somewhat more complicated
form than those of (6.3). There are three stationary points:

( 0,0,0)
( \/f?, 0,0) (6.4)
(- Vm,0,0)

The Jacobian of the modified system is J = —m + 3x°.
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FIGURE 6.1: The Arneodo model

FIGURE 6.2: A modified Arneodo model
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6.4 An Autocatalytic Attractor

Autocatalytic reactions often give rise to chaotic phenomena. The representation
of chemical reaction models by mathematical non-linear models is possible and has
been studied extensively (Prigogine and Lefever, 1968; Prigogine et al., 1969; Nico-
lis, 1971; Nicolis and Portnow, 1973; Nicolis and Prigogine, 1977, 1981; Nicolis
et al., 1983). It is more difficult to find a good representation of the numerous in-
termediate stages of a chemical reaction. The number of these stages influences the
complexity of the system, and, consequently, gives rise to a process with the chaotic
behaviour. Non-linear modelling theory suggests that at least one non-linear part
must be present in each reaction cycle in order for chaotic phenomena to appear.

A three-dimensional chaotic model is perhaps the simplest case, representing an
autocatalytic reaction with three stages. Such a model, for appropriate parameter val-
ues, may demonstrate chaotic behaviour, giving rise to a three-dimensional chaotic
attractor. A typical such model is given by the following system:

x=k+Az—xy’ —x
2 —
_ M tX-y (6.5)
e
i=y-—-z

When the parameters of system (6.5) take the values k = 0.7567, 4 = 0.3 and ¢ =
0.013, Figure 6.3 arises. On the right side we see the two-dimensional (x, y) phase
portrait, while on the left side we see the temporal variation of chaotic oscillations in
the y direction (i.e. the (¢, y) diagram).

FIGURE 6.3: An autocatalytic attractor
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A three-dimensional view (x, z,y) of the phase portrait of the autocatalytic reac-
tion is presented in Figure 6.4(a). The view from the (y, z, x) coordinate system is
presented in Figure 6.4(b). The parameters in both cases are k = 2.5, m = 0.017 and
e = 0.013, and the integration step is d = 0.0001. In this case the system (6.5) has
been modified slightly, with the first equation replaced by:

1 2
—(m +m)(k+z)—xy - X

(a) In the (x, z, y) coordinate system (b) In the (y, z, x) coordinate system

FIGURE 6.4: Three-dimensional views of the autocatalytic model

6.5 A Four-Dimensional Autocatalytic Attractor

The following four-dimensional model expresses a sequence of four chemical au-
tocatalytic reactions:

X1 = X% — 0.24x7 +200x4 + a

X

)'Cg X1X2 — X — 10)(?2)63
X3 = 0.01 + 10x2x3 — 20x3

%4 = 0.24x7 — 100x4

(6.6)

The non-linear character of (6.6) is due to the second order term in x;, which
appears in the first and fourth equations, and to the couplings x x; in the first and the
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second equations and x,x3 in the second and third equations. The control parameter,
a, has value —0.12, and the integration step is d = 0.003.

Figure 6.5(a) illustrates, from top to bottom, the (x1, ?), (x2, 1), (x3,) and (xy4, t) di-
agrams. The chaotic behaviour is similar, yet more complicated than in the previous
cases, whereas the time oscillations are of a purely chaotic nature, with several peaks
and intermediate chaotic stages. This is a very good example of chemical oscillations
and the related chaotic waves. Figure 6.5(b) shows the three-dimensional (x, x;, x3)
diagram representing the chaotic attractor of (6.6).

(a) Temporal chaotic oscillations (b) The (x1, x2, x3) diagram

FIGURE 6.5: A four-dimensional autocatalytic model

6.6 The Rossler Model

One of the simplest three-dimensional models is the Rossler model (see Rossler,
1976d):
X=-y—z
y= x-—ez 6.7)
z=f +xz-mz

The model contains a single non-linear term, xz, which enters in the third equation,
and three parameters, e, f and m.

Figure 6.6(a) is a three-dimensional view of the Rossler model when the para-
meters are: e = 0.2, f = 0.2 and m = 5.7. Figure 6.6(b) shows, from left to right,
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the (x,y), (x,z) and (y, z) views, along with the temporal variation in the x, y and z
coordinates respectively.

(a) A three-dimensional view of the Rossler (b) Chaotic oscillations and two-dimensional
attractor views

FIGURE 6.6: The Rossler attractor

6.6.1 A variant of the Rossler model

An interesting variant of the Rossler model is given by the following system of
differential equations:
X=-y—-2z
y= x+ay (6.8)
Z=bx+xz-cz
where a, b and c are the parameters of the model.

In all the cases that follow, the parameters b and c are specified in terms of a as
follows:

b=a
1 (6.9)
c=1+-
a
In Figure 6.7(a), a is set to 0.2, and the first order limit cycle of system (6.8)

appears.
The order two limit cycle is presented in Figure 6.7(b), where a = 0.26. Fig-
ure 6.7(c) illustrates the first order cycle when a = 0.35, whereas in Figure 6.7(d) we
see the second order cycle (a = 0.42).
When a = 0.5, total chaos ensues. This is illustrated in Figure 6.8(a). This chaotic
form is usually referred to as spiral chaos, after the characteristic spiral paths of the
resulting chaotic image.
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(a) First order cycle, (a = 0.2) (b) Second order cycle, a = 0.26

(c) First order cycle, a = 0.35 (d) Second order cycle, a = 0.42

FIGURE 6.7: Limit cycles in a variant of the Rossler model
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A more complicated case of spiral chaos appears when a = 0.6. Now the trajec-
tories pass close to the origin. A three-dimensional view of the total spiral chaos is
illustrated in Figure 6.8(b). Figure 6.9 shows, from left to right, the (x, y), (y, z) and
(x, z) views for the same value of a.

(a)a =0.50 (b) Total spiral chaos, a = 0.60

FIGURE 6.8: Spiral chaos in the variant of the Rossler model

The characteristic matrix of the Rossler model is

-1 -1 -1
1 a-A4 0
b+z 0 x—-c-4

A- =

The corresponding characteristic polynomial is

-1 -1 -1
1 a-A2 0
b+z 0 x-c—-4

=—/13+(x+a—c)/12—(ax—ac+z+b+1)/l+(x+az+ab—c)

A = AI| =

This polynomial determines the stability of the system at its equilibrium points. In
our case, the equilibrium points are the solutions of the system:
y+z=0
x+ay=0 (6.10)
bx—-cz+xz=0

The first equilibrium point is at the origin, M; = (0,0,0). The most interesting
paths are in the neighbourhood of this point. The other equilibrium point is located
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FIGURE 6.9: Plane views of the total spiral chaos in the variant of the Rossler
model (a = 0.60)

at:
—ab c—ab
Mz=(x,y,z)=(c—ab,—c 4 ,C a ) (6.11)
a a
The characteristic equation at the origin is
Bre-al+0+b-—ac)l+(c—ab)=0
The characteristic equation at M, is
/13—a(1—b)/12+(1—a2b+ E)/l—(c—ab):O (6.12)
a

If a, b, ¢ are such that ¢ — ab > 0, then equation (6.12) has at least one positive root.
This in turn makes M, into an unstable point.

The variant of the Rossler model is illustrated in Figure 6.10. The (x, y) graph is
presented, where the parameters are a = 0.4, b = 0.3 and ¢ = 4.8. In the same figure,
the characteristic polynomial is illustrated. It is a third-degree polynomial with only
one real and two complex roots (eigenvalues).

6.6.2 Introducing rotation into the Rdssler model

A simple way to introduce rotation into the Rossler model is to insert a simple
rotation in two of the equations of the model. The resulting equations have the form:

X = —zsin(h) — ycos(h)
y = xcos(h) + eysin(h) (6.13)
z=f+xz—mz

The rotation angle £ is a function of the distance r from the origin. For the follow-

ing simulations, we used
h=0.27+/x2+ y%
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FIGURE 6.10: View of a simple cycle of the variant of the Rossler model
(a=04,b=03and c =4.8)

(a) (b)

FIGURE 6.11: Modified Rossler models
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The influence of the rotation appears in Figure 6.11(a). There is a complicated
movement, first in the (x, y) plane and then in the positive z direction and back, and
finally the trajectories continue in the (x, y) plane. The parameters in this case were
e =0.12, f = 0.4 and m = 5.7. A fourth order Runge-Kutta procedure was used,
with an integration step d = 0.005.

A different set of parameters for the model, e = 0.2, f = 0.2 and m = 4.6, gives
the paths presented in Figure 6.11(b). The movement in the z direction now tends to

higher limits, whereas the paths around the origin follow concentric elliptical orbits.

A better three-dimensional illustration appears in Figure 6.12, where we increased
ft00.3.

FIGURE 6.12: Another view of the modified Rossler model

6.7 The Lorenz Model

In 1963, Edward Lorenz (Lorenz, 1963) proposed an idealized model of a fluid
like air or water; the warm fluid below rises, while cool fluid above sinks, setting
up a clockwise or counterclockwise current. The Prandtl number o, the Rayleigh
number r and the Reynolds number b are parameters of the system. The width of
the flow rolls is proportional to b. x is proportional to the circulatory fluid flow
velocity. If x > 0 the fluid rotates clockwise. y is proportional to the temperature
difference between ascending and descending fluid elements, and z is proportional to
the distortion of the vertical temperature profile from its equilibrium. The equations
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of this three-dimensional model are:

X=—-0x+o0y
y=-xz+rx—y (6.14)
7= xy—-bz

The origin, (0,0, 0), which corresponds to a fluid at rest, is an equilibrium point

for all ». For O < r < 1, it is stable, while, for r > 1, it is unstable. Two other
equilibrium points exist when r > 1:

cr=( vbr=1), vb(r=1).r-1)
c = (=vb(r=1),—yb(r=1),r - 1)

These represent convective circulation (clockwise and counterclockwise flow). At
the equilibrium points c., the Lorenz model has two purely imaginary eigenvalues:

A= 4 [20(0 + 1)
= 4+ _—
o-b-1

(6.15)

when
__o(c+b+3)
(e —
Using the standard settings

o=10
8 (6.16)

b==
3

the Hopf bifurcation point' is
14
= 24— ~ 24.73684
"=

For rj, < r, all three equilibrium points of the Lorenz model are unstable. Lorenz
found, numerically, that the system behaves “chaotically” whenever the Rayleigh
number r exceeds the critical value r,: All solutions are sensitive to the initial condi-
tions, and almost all of them are neither periodic solutions nor convergent to periodic
solutions or equilibrium points.

A three-dimensional view of the Lorenz attractor appears in Figure 6.13(a). Two
small circles correspond to the unstable equilibrium points c.. The parameters take
the standard values (6.16). The vertical axis is z and the horizontal axis is y.

In Figure 6.13(b), a two-dimensional (x,z) view of the Lorenz attractor is pre-
sented. This is the most common illustration of this famous attractor. Perhaps the
famous “butterfly effect” associated with the presence of chaos owes its name to this
figure.

ISee Strogatz (1994); Kuznetsov (2004).
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(a) A three-dimensional view (b) The butterfly attractor

FIGURE 6.13: The Lorenz attractor

6.7.1 The modified Lorenz model
A modified Lorenz model is given by the following system of equations:
X=—-0x+o0y

y=rx—2xz (6.17)
Z=xy—bz

The only way (6.17) differs from the original Lorenz model is that the term —y is
excluded from the second equation. Thus, the resulting model is simpler.
The equilibrium points are the solutions of the following system of equations:

—-ox+oy=0
rx—xz=0 (6.18)
xy—bz=0

The characteristic matrix of the modified Lorenz model is

—-oc—-A o 0
A-A=|r-z -1 —x
y x -b-21

Two equilibrium points appear, located at:

= ( N, or.r)

- = (b7} (6.19)

The third equilibrium point, M = (x,y, z) = (0,0, 0), is easily seen to be unstable.



132 Chaotic Modelling and Simulation

FIGURE 6.14: The modified Lorenz model — left to right: (x, y), (y,z) and
(x,2) views

The chaotic paths of the modified Lorenz model, for s = 10, b = % and r = 27,
are shown in Figure 6.14. Three two-dimensional chaotic graphs appear; from left to
right, they are the (x, y), (y,z) and (x, z) views of the attractor.

The image on the left of Figure 6.15(a) illustrates the (x, y) view of the modified
Lorenz attractor. The image on the right presents the Poincaré (x, y) diagram of the
same attractor resulting when the plane Z = r cuts the chaotic paths. This graph
gives an illustrative example of the bifurcation.

(a) The modified Lorenz model: left, (x,y) (b) A 3D (y, z, x) view
view; right, cut of the chaotic attractor by the
plane Z = r

FIGURE 6.15: The modified Lorenz chaotic attractor

Figure 6.15(b) illustrates a three-dimensional (y, z, x) view of the modified Lorenz
chaotic attractor. The two stationary points are visible. There appear to be many
similarities with the Lorenz chaotic paths presented earlier in this chapter.



Three-Dimensional and Higher-Dimensional Models 133

Questions and Exercises

1. Show that the linearisation scheme described in section 6.1 is not applicable
to the system:
xX=y
j=-x
Show, furthermore, that the system is stable at the origin.
2. The system
xX=-y
y= x
is stable at the origin, while the system
xX=y
y=x
is not. Explain why this is so.

3. Linearise the system
X =pux - y—x(x2+y2)
g= x+py—y(+y)
at (0,0), and determine the stability of the system at the origin.
4. Consider the system:
=y
j=—x
(a) Characterise the stability of the system at the origin.

(b) Solve the system and draw various level curves.

5. Consider the system:
X =-2xy

y=2xy-y
(a) Solve the system, and check the stability at the fixed point.

(b) Draw the level curves, and discuss the form of these curves for various
values of the integration parameter.

6. (a) Find the fixed points and stability of the system:

X=y

iy = —sin(x)
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10.
11.

12.
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(b) Compare the behaviour of the system to that of the system:

X=y
i = —sin(x)

(c) In both cases, replace sin(x) with its first-order Taylor approximation,
and examine the resulting systems.

(d) What is the differences when we use the third-order Taylor approxima-
tion for sin(x)?

Let b > 0. Find the fixed points of the system
r=y
y=-bx(x—1)
and determine the stability of the system at the points.
Compute the eigenvalues of the Lorenz model.

Consider the system:
i=a- b+ Dx+x%y

y= bx — x*y
(a) Find the equilibrium points of the system.

(b) Determine the system’s stability at these points.

(c) Analyse the special cases when b = 1 and b = —1.
Show that when ¢ — ab > 0, equation (6.12) has at least one positive root.

Determine if the equilibrium points M*, M~ for the Lorenz model, given by
equation (6.19), are stable.

Explain the butterfly effect.



Chapter 7

Non-Chaotic Systems

In this chapter we discuss various aspects of non-chaotic systems, that will be helpful
in analysing other, more complex, systems. In section 7.1 we define conservative and
Hamiltonian systems, while in section 7.2 we give a brief account of linear systems
of differential equations, and the qualitative behaviour of their solutions near the
equilibrium point. These are models for the local behaviour of more complicated
systems near their equilibrium points.

In the remaining sections, we look at a number of interesting conservative systems.

7.1 Conservative Systems

In this section we consider two-dimensional conservative systems, that is, systems
that have a non-trivial first integral of motion. For a system

x=F(x,y,t)

7.1
y=G(x,y,1) 7D

A first integral of motion is a function f(x, y), of x and y, that is independent of time.
As a consequence:
f of

—f(x y) =X~ iy yay 0 (7.2)

There is a direct connection between the level curves of the first integral and the
trajectories of the system: If f is a first integral of the system (7.1), then f is constant
on every trajectory of the system. Thus, every trajectory is part of some level curve
of f, determined by the value of f at the initial conditions (xo, y9). Hence, each level
curve of f is a union of trajectories.

The first integral derives its name from the usual method of computing it, by direct
integration of the differential equation:

dy G
- F (7.3)
This follows from (7.2), as follows. We consider a particular level curve of f,
f(x,y) = ¢, and consequently we think of f as an implicit equation for y as a function

135
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of x. In that case, we have
0 of L9 7] of dy _
Ox oy dx

which gives us:

(7.4)

af ( d
_f(xy) f y(?f dyof . Of _ f( y )

—X—= +
oy xdxﬁy yay Oy dx y

Equating the last term to zero, and using equation (7.1), we end up with equa-
tion (7.3). The value of the integration parameter is directly related to the level
of the curve.

Since F, G in general depend on ¢, this integral may not be independent of 7. How-
ever, in the case where F, G are independent of the time ¢, integration of (7.3) will
result in a first integral of motion for the system. We will examine a number of
particular such systems in this chapter.

Before we proceed, let us elaborate a bit more on the equations. As we saw
in (7.2), the first integral of motion, f(x, y), and consequently the implicit equations
for the trajectories of the system, are determined by the equation:

of  .of
F6x+G6y =0 (7.5)

Note that this equation will remain true if F, G are both multiplied by the same
function of x, y. To see this geometrically, notice that the trajectories are determined
completely by the direction of their tangent vector at any point, and this direction is
that of the vector (x, %) = (F,G). Therefore, multiplying both F, G with the same
factor has no effect on this direction.

This means that there is a family of conservative systems sharing the same first in-
tegral of motion. From all these systems, there is one that stands out. Note that (7.5)
can be rewritten as:

F_ G
a —af

Rescaling F, G amounts to selecting a value for this ratio, so a natural choice would
be to set it to 1, in which case F,G, and hence the solutions of the system, are
completely determined from f by:

of of

and G = —— (7.6)

F =
8y ox

In this case, we will call f the Hamiltonian of the system, and we will call the
system a Hamiltonian system. All the systems we will consider in this section are
Hamiltonian.
Equations (7.6) provide a necessary condition for the Hamiltonian to exist, since
they imply that:
oF  0G _ 0*H
dx  dy  Axdy
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In the case where F, G are independent of ¢, this is also sufficient, and the Hamilto-
nian can be computed by simply solving the system (7.6).

Hamiltonian systems play a central role in Hamiltonian Mechanics. The equations
of motion of Hamiltonian systems can be completely described using their Hamilto-
nian, from equations (7.5) and (7.6).

7.1.1 The simplest conservative system

The simplest conservative system is given by

. (7.7)
y=-x
The corresponding differential equation for the integral of motion is
dy X
~_-_Z 7.8
oy (7.8)

The solutions to (7.8) are concentric circles
2+ y2 =h

where £ is a positive constant (Figure 7.1). Consequently, the system is conservative.
Its first integral of motion is:

H(xy) = 5 (& +57)

The level curves are therefore concentric circles, whose radius is determined by the
initial conditions (xo, yo).

N —

FIGURE 7.1: The simplest conservative system
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Note that this is indeed a Hamiltonian system, as:

We could have come to the same conclusions by solving the system:

OH .
ax T Y
OH .
—6y =-y=x

Integrating the first equation would yield H(x, y) = % y* + c(x), and substituting into
the second equation would yield c(x) = %xz +c.

7.1.2 Equilibrium points in Hamiltonian systems

Before we proceed to more complicated examples, it is worthwhile discussing
the behaviour of a system in a neighbourhood of an equilibrium point. Equilibrium
points are found by setting & and 7 to 0. In the case of a Hamiltonian system, this
corresponds to

OH O0H _

ox  dy
So the equilibrium points of a Hamiltonian system are precisely the critical points of
the Hamiltonian H. For instance, in the system 7.7 the origin is the only equilibrium
point.

If (x0, yo) is an equilibrium point, then the Taylor expansion of H around (xy, yo)
will be:

1 1
Huwﬁﬂﬂmww+ym@—mf+MAwﬂmw—mﬂ+y%w—mf+~'0%

where

0’H 0*H 0*H
hxx = W('XO’ y()), hxy = axay(‘xo’ yo)! hyy = a_yz(xo’ yO)

are the second-order partial derivatives of H at (xp,yo), and the terms ignored are
of higher order in x — xg,y — yo. If, for simplicity, we change coordinates so that
(x0,y0) = (0,0), and we further denote hy = H(xo,yo) = H(0,0), then the equa-
tion (7.9) becomes:

1 1
H(x,y) = hy + Ehnx2 + hyyxy + Ehwy2 + -



Non-Chaotic Systems 139

So, the behaviour of the trajectories of the system, i.e. of the level curves of H, near
the equilibrium point, is determined by the quadratic form:!

1
E(hmxz + 2y xy + hyyy?) (7.10)

Depending on the number of real roots of the characteristic polynomial® k(X) =
Ry + 20, X + hy,,Xz, these trajectories may look elliptic, hyperbolic, or parabolic.?

If k(X) has no roots, then the trajectories near the equilibrium point are elliptical,
and the point is a stable equilibrium point. If £(X) has two distinct roots, then the
trajectories are hyperbolas, and their asymptotes are the lines with slopes the two
roots (this will be elaborated further in the next section).

For instance, the system (7.7) has an equilibrium point at (0, 0), whereupon H is
written, locally, as: X X
PR

In this case, the polynomial in question is 1 + X2, which has no real roots. Hence,
the system will exhibit elliptical orbits near (0, 0).*

7.2 Linear Systems

Near an equilibrium point (we will assume this point is 0, 0), system (7.1) can be
approximated by a linear system:

X=ax+by
. (7.11)
y=cx+dy

where a, b, ¢ and d are real numbers or, in a more general analysis, real functions of
t of a special form.

We will now discuss in greater detail the classical theory of system (7.11). This
system has, as already mentioned, an equilibrium point at (x,y) = (0,0). We will

IThis quadratic form is the quadratic form associated to the Hessian matrix:

&H (?ZH}

ax2  0xoy
[afH PH
dyox  py?

2This number depends of course on the discriminant of the polynomial, which is the determinant of
the Hessian matrix.

3That is, in the case that the critical point is non-degenerate, i.e. in the case where the characteristic
polynomial is not identically zero.
“In this case, of course, the orbits will remain elliptical even away from 0, 0.
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denote by A the matrix of coefficients:
ab
aled
The eigenvalues of this matrix are called the eigenvalues of system (7.11), and
they are given by the equation

A 1 = a-A1 b

’ - 0
or, in simpler terms:
A —(a+d)A+(ad-bc)=0

If we note, that a + d and ad — bc are respectively the trace and determinant of A,
we can write the equation for the eigenvalues as:

22— tr(A)A + det (A) = 0

The solutions to this are

tr(A) + VA
Aip = u (7.12)
2
where, as usual, A denotes the discriminant:
A = tr(A)? — 4 det(A) (7.13)

Before we proceed to a classification of equilibrium points according to the qual-
itative behaviour of the solutions near these points, we will discuss the effects of
various transformations on the shape of the matrix A.

7.2.1 Transformations on linear systems

We start by considering a simple coordinate rescaling:
u=kxv =ky (7.14)
The transformed system (7.11) then takes the form
= au+rbv
b= lcu + dv
r
where r = kﬁ So the matrix of the new system, A’, is:

el

lea
r
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The trace and determinant thus remain invariant:
tr(A") = tr(A)
det(A’) = det(A)

A more general change of coordinates amounts to the transformation

[uv] = C[xy] (7.15)

where C is an invertible matrix of constants. The corresponding matrix A’ is then a
matrix similar to A:
A’ = CAC
Hence, this again keeps the trace and determinant invariant.
Another simple transformation involves time rescaling:’

u(t) = x(kt) v(t) = y(kt) (7.16)

System (7.11) then becomes:
i = kau + kbv

b = kcu + kdv
Thus the matrix of the system becomes
A’ =kA

and hence
tr(A") = ktr(A)

det(A’) = k> det(A)

According to (7.12) and (7.13), the eigenvalues are simply rescaled by k.
Finally, the transformation

u(®) = e Mx@) v(t) =e My (7.17)

results in a system with matrix
A'=A-kI

with the corresponding changes this implies to the trace and determinant:
tr(A”) = tr(A) — 2k
det(A”) = k* — ktr(A) + det(A)
Note however, that this transformation does keep the discriminant
A = tr(A)? — 4 det(A)

invariant, and hence it amounts to a parallel translation of the eigenvalues by —k.
This transformation changes radically the behaviour of solutions near (0, 0), but in a
very controlled way, and we will utilise it in the next section.

SThis does not alter in any essential way the behaviour of solutions near the point (0, 0), provided
k>0.



142 Chaotic Modelling and Simulation

7.2.2 Qualitative behaviour at equilibrium points

We will now proceed to analyse the qualitative behaviour of solutions near equi-
librium points, using the transformations from section 7.2.1. First off, the sign of
tr A is of paramount importance. Using transformation (7.17), we can always reduce
to the case where tr(A) = 0, i.e. where d = —a, and we will do so for the next couple
of paragraphs. The condition tr(A) = 0 is exactly the condition for system (7.11) to
be conservative. In that case, the system has the first integral:

f(x,y) = ex* = 2axy — by?
We have to distinguish a couple of cases here.

1. A = 0, i.e. the first integral f is degenerate, and there is only one, double,

eigenvalue, namely 0. Up to a change of coordinates, we may assume f(x,y) =

X2, i.e. that the linear system is:

<.
1]
=

The solutions are then:
x(H=A

y(t) =At+B
This case is illustrated in Figures 7.2(a) and 7.2(b).
2. A < 0. Then, there are two complex eigenvalues, which, after performing
transformation (7.16), we may assume to be +i. Then, up to a change of

coordinates, we may assume f(x,y) = x°> + y?, i.e. that the linear system
is

The solutions are then:
x(t) = Acos(t) + Bsin(z)
y(t) = Bcos(t) — Asin(r)
This case is illustrated in Figures 7.2(c) and 7.2(d).

3. A > 0. Then there are two distinct real eigenvalues, which, after performing
tranformation (7.16), we may assume to be +1. After a change of coordinates,
we may assume that f(x,y) = xy, i.e. that the system is:

XxX=x
y=-y
The solutions are then:
x(f) = Aé'

y(t) = Be™
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NS

(@A=0,tr(A)=0 (b) A=0,tr(A)>0

©

(c) Center point, A < 0, tr(A) =0 (d) Spiral source, A < 0, tr(A) > 0

\
17

—_— N

7,
N\

(e) Saddle point, A > 0, tr(A) =0 HA>0,tr(A)>0

FIGURE 7.2: Qualitative classification of equilibrium points
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This case is illustrated in Figures 7.2(e) and 7.2(f).
To summarise, the behaviour of solutions near an equilibrium point falls under one
of the following cases:

1. A = 0. This is the degenerate case.

2. A > 0. Then A4, are both real. The behaviour in this case depends a lot on their
sign. If they are both negative, then all solutions tend toward the equilibrium
point, which in this case is called a stable point, or also a stable node. 1f they
are both positive, then the solutions tend away from the equilibrium point, and
the point is classified as unstable.

Otherwise, A, are both real, but with opposite signs. In this case, there is a
stable direction and an unstable direction, indicated by the negative and pos-
itive eigenvalues respectively. The equilibrium point is then called a saddle
point.

3. A < 0. Then 4;, have non-zero real and imaginary parts. If the real part is
negative, then the solutions spiral toward the equilibrium point, which is called
in this case a stable spiral or a spiral sink. If, on the other hand, the real part
is positive, then the solutions spiral away from the critical point, and the point
is then called an unstable point or a spiral source.

A special case is when A, , have only an imaginary part (i.e. when the real part
is zero). The critical point is then called a center.

7.3 Egg-Shaped Forms
7.3.1 A simple egg-shaped form

We now proceed to examine certain Hamiltonian systems that give rise to very
interesting egg-shaped forms. The first such system is:

X=yly-b)

y=x

(7.18)

This is a Hamiltonian system, since

0

vy -b)=0= —a% @)

The Hamiltonian is easily seen to be

2 2 3
H(x,y)z—%—b%+%+h
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This system has two equilibrium points, at
(x,y) = (0,0) and (x,y) = (0,b)

The first of these is a stable point, as the quadratic form,
1L/, 2
) (x + by )

has two imaginary roots:

Aip = —
The second point, however, is unstable, since its characteristic polynomial,
—2+2bX% = 2(VbX - 1)(VbX + 1)

has two real roots: !

A=+—

Vb

These are exactly the slopes of the two tangent lines at (0, b).
For convenience, we will choose the integration constant in H to be such, that H
is O at this, second, equilibrium point, namely:

b3
"6

The level curve that passes through (0, b) is shown, marked with a heavy line, in
Figure 7.3(a) (b = 0.6). It has equation:

h

x2 2 3 b3
H(x,y)z—E—by?+‘%+g

The sharp (top) corner of the egg-shaped form is located at the equilibrium point
(0, b), whereas the bottom of the form is at the point (0, —g).(’ At this point, the speed
of the particle is given by X = %bz. The boundaries of the egg-shaped form in the x

direction are when y = 0, namely x = + / %. The speed at these points is j = + L’3—3

respectively.

7.3.2 A double egg-shaped form

A double egg-shaped form with interconnected sharp corners is expressed by the
following system:
X=-yly—a)y-b)
y=x

(7.19)

OThis is found by solving the cubic polynomial H(0,y) = 0 This will have a double root at y = b, and
one more root.
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(a) An egg-shaped form (b) A figure eight form

FIGURE 7.3: Egg-shaped forms

where we will assume that 0 < b < a. The Hamiltonian in this case is’

4 3 2 2 3
H(x,y) = —yz +(a+b)‘% —abyE - % + Il’—z(b—za)

Figure 7.3(b) shows the trajectories when @ = 1 and b = 0.6.

The first egg-shaped form at the top of the figure has a stable equilibrium point
at (a,0), whereas the other egg-shaped form has a stable equilibrium point located
at (0,0). An unstable point is located at (0, b), where the sharp corners of the two
egg-shaped forms coincide.

When the initial values are xo = 0 and yo = —b, a figure eight shape appears. This
is a characteristic level curve marked by a heavy line in Figure 7.3(b). The integration
constant has the value 7 = —% + % for this particular case. Inside this form the
trajectories follow closed loops, and the same holds outside this characteristic level.

7.3.3 A double egg-shaped form with an envelope

A double egg-shaped form enclosed in an external envelope is provided by the
following system:
i=y’ -y +a)

y=x

(7.20)

"The constant was again chosen, so that the Hamiltonian is zero at the unstable point.
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The Hamiltonian of this system is given by:

5 4 3 2 2
Y X
H(x,y) = yg+a‘%—b2%—ab23—?

where we’ve set the integration constant to zero for simplicity. Figure 7.4 illustrates
this case where a = 1 and b = 0.6. The first egg-shaped form at the top of the figure
has a stable equilibrium point at (0, 0), whereas the second egg-shaped form has a
stable equilibrium point at (0, —a). There are two unstable points, one at (0, —b),
where the sharp corners of the two egg-shaped forms coincide, and one at (0, b),
where the envelope is formed. The level curves through those two unstable points
are marked with a heavy line in the graph. For this particular case, corresponding
values of the Hamiltonian on these curves are

2 1
hy_ = —EbS - Zab4
5 . (7.21)
hyy = —b° — —ab
b= 157 T4

Inside the envelope, the trajectories follow closed loops, whereas, outside of it, the
trajectories diverge to infinity.

0.5 —
/
//

0.0 —

-0.5 -

-1.0 4

-04 -02 0.0 02 0.

FIGURE 7.4: A double egg-shaped form with an envelope
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7.4 Symmetric Forms

We consider now certain forms that exhibit symmetry. A simple symmetric Hamil-
tonian form is based on the system:

x= -b
. y(y — b) 722)
y=x(x—Db)
The corresponding Hamiltonian is
3_,3 2_ .2
y —-x y —-x
H(x,y) = -b
(x.y) 3 >

The level curves at level 0 are marked by a thick line in Figure 7.5(a). There are two
stable points, at (b, 0) and (0, b), and two unstable points, at (0,0) and (b, b).

A slight change to (7.22) gives rise to another double-shaped form, with symmetry
with respect to the y = x axis. The equations are:

X=-yly->b)

J = x(x - B) (7.23)

The Hamiltonian is

P+ ) y o+ 2
3 72
The level curve for the outer periphery has level —”6—3, and is illustrated in Fig-
ure 7.5(b). The stable equilibrium points are located at (0,0) and (b, b), whereas
the two unstable points are located at (0, ) and (b, 0). The three points of the level
curve located on the line x = y are: the point (g, %’), and the other two solutions of
the equation 4x> — 6bx> + b3 = 0.
A simple non-symmetric form is expressed by the following two equations:

H(x,y) =

x=—-yly->
) by =) (7.24)
iy = x(x—a)
The Hamiltonian in this case is
3,3 2 2
¥y +x by +ax
H(x,y) = -
(x,y) 3 >
There are two characteristic level curves, passing through the unstable points (a, 0)
and (0, b) respectively, and with corresponding levels h, = —éa3 and h, = —%b3

respectively. These level curves are shown in Figure 7.6, marked with a thick line.
There are two stable equilibrium points, at (0, 0) and (a, b).
An interesting three-fold shape is given by the system

F=y@’ - b

) = x(r— b) (7.25)
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FIGURE 7.5: Symmetric forms

NON

FIGURE 7.6: A simple non-symmetric form
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The corresponding level curves of the Hamiltonian

4 2 3 2
Y _p?l I pl
2 372

4
are shown in Figure 7.7(a) (b = 0.85).

()b=0.85> 2 (b)b=0.6 (©b=03<2

FIGURE 7.7: A symmetric three-fold form

There are two characteristic levels for H, which provide the level curves marked
by a heavy line. The first value, & = 0, corresponds to the equilibrium point (0, 0),
and gives the central formation. This curve also passes through the point (%b, 0)
where x takes its maximum value in the bounded part of this curve.

The second characteristic level is & = bﬁ—3 - %4, for which the level curve passes
through the two unstable equilibrium points (b, +b). There are three stable equilib-
rium points, two at (0, +b), where H = —%, and one at (b, 0), where H = %.

The shape varies a lot depending on the parameter ». When b > %, we get a figure
similar to Figure 7.7(a). When b = %, the two characteristic curves coincide, and the
corresponding graph is shown in Figure 7.7(b). When b < %, the two curves are not
so interrelated (Figure 7.7(c)).

7.5 More Complex Forms

More complex forms appear by adding new terms in the right-hand side of the
Hamiltonian equations of the two-dimensional system. The four-type symmetric
form illustrated in Figure 7.8(a) corresponds to the system

i=-y@’ - b

7.26
j= x(x*-b% (7.26)
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with Hamiltonian:
Gyt S+
4 2

There are five stable equilibrium points, one at the origin (0, 0), and the other four
located at the symmetric points (b, b), (b, —b), (—b,b) and (—b, —b). There are also
four unstable equilibrium points located at (0, ), (0, —-b), (b,0) and (—b,0). The
level curve passing through those equilibrium points has level —%. In Figure 7.8(a),
a heavy line marks this critical level curve.

Introducing a new parameter a into (7.26), the following system arises:

=y’ - b
v y2 5 (7.27)
y= x(x*—a")
Its Hamiltonian is
4+t B @232 + by
4 2

This system has a richer structure, as illustrated in Figure 7.8(b) (a = 0.7, b = 0.5).
Two distinct level curves appear, for values H = —a* and H = —1b* respectively.
The first curve is associated with two 8-shape forms of Figure 7.8(b). The second
curve is associated with the other more complicated form, also marked with a heavy
line. The four points located on the x axis (y = 0) are given by:

x==+vVa?+ Va* - b*

If the parameter a is introduced in both equations, then an interesting system
arises:
X=-yly—a)y-b)

y= x(x—a)(x—->b) (7.28)

Its Hamiltonian is:

oyt PR 2y
H(x,y) = —(a+b) 3

+ab
4T

The model, with parameters equal to @ = 0.8 and b = 0.3, is illustrated in Fig-
ure 7.8(c).

There is an outer characteristic level curve, with level A, = —11—2194 + %ab3 , and
an inner characteristic level curve, with level i, = —éa“ + éa3b. There are five
stable points located at (0, 0), (a, a), (b, b), (a,0) and (0, a), and four unstable points
at (b,0), (0,b), (a,b) and (b, a).

When b = %a, then A, = 0, and the system leads to a perfect symmetry, illustrated
in Figure 7.8(d) when the parameters are a = 0.8 and b = 5 = 0.4.
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FIGURE 7.8: More complex forms
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7.6 Higher-Order Forms

We conclude this section with a couple of much more complicated examples, aris-
ing from systems whose equations involve higher-order polynomials. One such ex-
ample, illustrated in Figure 7.9(a), is the system:

i=-@-ay-b)y-oy-ey-f)

. (7.29)
y= (x—a)x=b)(x—oc)x—e)x—f)

The Hamiltonian can be easily computed from the above equations, but we will omit
the tedious task here.

The parameters were setto a = 0.1, b = 0.6, ¢ = 0.9, ¢ = 1.5 and f = 2. There
are 13 stable equilibrium points, and 12 unstable equilibrium points. Equilibrium
regions and regions with high movement (flows) appear. As in the simpler cases,

(a) Symmetry only along y = x axis (b) Multiple symmetries

FIGURE 7.9: Higher-order forms

appropriate values for the parameters lead to symmetric forms, as in Figure 7.9(b),
where the parameters area =0, b =0.5,c=1,e =1.5and f = 2.
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Questions and Exercises

1. Consider the system
X=-y
y= x(1-x)
(a) Find its equilibrium points.

(b) Find the eigenvalues and eigenvectors at the equilibrium points, and char-
acterise the points according to their stability.

(c) Linearise the system, and find the type of stability at the equilibrium
points.

(d) Find a first integral of motion for the system.
(e) Draw various trajectories of the system in the (x, i) plane.
(f) Draw the trajectories that pass through equilibrium points.

(g) Find the maximum speed of the flow at the y direction (7).

2. Consider the system
x=1-y

y=x+ay

(a) Find the equilibrium points for the system.
(b) Find the characteristic equation at the equilibrium points.
(c) Characterise the equilibrium points for various values of a.

(d) Examine in particular the case a = 2.

3. For each of the following systems, (a) show that it is Hamiltonian, (b) com-
pute the Hamiltonian function, (c) determine the fixed points, and classify
them, and (d) plot, for various values of the parameters, the level curves of the
Hamiltonian, including the curves passing through the fixed points.

. . . 2 12
x=yly-b) x=y -0 i=y'-b
@ () ©

y=ax y=x y=x —a
4. Show that the system

X =2xy

g=x -y

is conservative, but not Hamiltonian. Find a system equivalent to it that is
Hamiltonian.
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5. Show that the system

is conservative, but not Hamiltonian. Find a system equivalent to it that is
Hamiltonian.

6. Show that each of the transformations described in section 7.2.1 have the indi-
cated effect on the matrix A and its eigenvalues.






Chapter 8

Rotations

In this chapter we examine the effects of introducing affine transformations to mod-
els, in particular the effect of introducing rotation. A wealth of very interesting
models arise from this seemingly simple change.

8.1 Introduction

The location (x,, y,) of a system is given in parametric form (r,, 8,) by:

X, = ry,cos(8,)
. (8.1)
Yn = Ty SIN(6,)

where r = /x2 + y? and 6, is the rotation angle.
If we assume that transitioning from the n-th state to the n + 1-st state amounts to
a rotation by an angle 46, then the new coordinates would be given by:

Xps1 = Iy cos(6, + 460)

. (8.2)
Ynt1 = Ty Sin(G, + 40)
or after using the familiar trigonometric identities for the sum of two angles:
Xpe1 = 1(cos(8,) sin(46) — sin(6,) sin(49)) 83)

Yn+1 = In(cos(8,) sin(40) + sin(6,) cos(40))

Therefore, the effect of rotation can be written directly using the following, which
may be familiar to you already:
Xpt1 = X, cOS(40) — y, sin(46)

. (8.4)
Yn+1 = X, SIN(A40) + y, cos(46)

When the rotation is followed by a translation equal to a and parallel to the x axis,
then the tranformation (8.4) is replaced by:

Xpt1 = a + X, cos(46) — y, sSin(46) ®5)
Yn+l = X, $in(46) + y,, cos(46) ’

157
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‘We can consider the system (8.5) as a simple system of difference equations. Let us
work out an analogous system of differential equations. The time elapsed between
two successive iterations is 4t and is usually set to 1. Then, taking into account that

o dx  Adx
X=— R — =X, — Xy
dt A4 "

and similarly for i, we obtain the differential equations:

X = a+ x(cos(40) — 1) — y sin(46)

U= xsin(46) + y(cos(46) — 1) 86)

8.2 A Simple Rotation-Translation System of Differen-
tial Equations

If the rotation angle is small, 40 <« 1, the system (8.6), using first order Taylor
approximations for cos and sin, can be simplified to:
X =a—-yd0

i o (8.7)

This is a Hamiltonian system, whose first integral of motion can be computed from
the differential equation:

Oy x40
dx  a-—yA0
This equation leads to the form:!
ady = (40)rdr (8.8)

The solution of equation (8.8) depends on the form of the function 46. A reason-
able assumption would be that 46 is “radial,” i.e. depends only on the distance r from
the origin, and not of the direction. A standard choice in mechanics, based on the
transverse component of the acceleration, is that the rotational change is inversely
proportional to the square distance, i.e. that:

Another important case is that of a mass M rotating in a circular orbit under a

central force MG
flr) = e

'We have used here that 2 = x> + 42, and consequently rdr = xdx + ydy.
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where G is the gravity constant. The equations of motion then result in

MG

A0 =0 = 3

r

In this case, equation (8.8) becomes:

MG
ady = Tdr

Its solution is

L lay+ h)*
- 4MG
where / is an integration constant. This can also be rewritten as
oyt N (ay+h? 59)
“\Tamc )\ Tamc MY '

The fixed point of the system is at

MG
o = (0. 27
a
at which point the value of 4 is:
MG
h=—
a

The path of the trajectory in the (x, y) plane for this value of 4 divides the plane in
two segments. When i > MTG, the trajectories diverge and the rotating object heads
off to infinity. When h < MG

=, the rotating mass moves inside the space bounded by
the above trajectory.

FIGURE 8.1: The limiting trajectory
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Some very interesting properties of equation (8.8) are illustrated in Figure 8.1.
The trajectory in the limit of escape has an egg shape, similar to but different from
those discussed in Chapter 7. The sharp corner is at the maximum value of y = "Z—?,
where x = 0. This is the fixed point for the system, which is not stable.

The minimum value of y is that where the maximum rotation speed is achieved.
This can be found by setting x = 0 in equation (8.9). This gives us two solutions, the
fixed point at y = 4¢ as already discussed, and the solution to the equation:

(ay + h)* = —4ahy
The largest solution of this equation is:

y=(2V2- ) ~ —0. 1716@ (8.10)

The maximum value of x is given by:

5 - 11 MG
Xmax = — \/_ =~ 03—2
a V 2 a

This is computed by equating to zero the first derivative of x with respect to y, that
is:

or_x L2, +M_G)3_

dy §  x\8(MG)? T Y

Setting z = }y, equation (8.11) becomes:

0 (8.11)

(z+1)7 =8z
This can be easily seen to have the three roots:
z=1, z=V5-2, z=-V5-2

The first of these corresponds to the fixed point (0, Ag—?) The second is the one we
are after, and the corresponding y value is:

= M—f(«/§—2)

When y = 0, then

so from (8.7) we get:
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This tangent appears in Figure 8.1.
The tangent at the top sharp corner of the egg-shaped path can be seen by writing
equation (8.8) in a coordinate system centered at this point. For this reason, let:

MG h
Z:y——zzy——
a a

Then, in terms of (x, z), equation (8.8) can be written as:

» a 5 (2h a , , 1,
=2 2y 2 o2 22
0 o 4hZ (a ‘ 4hz) o 2Z

where the omitted terms are of higher order in z. This means that near (x, z) = (0, 0),
our orbit behaves exactly like the function:

1 1 1
0=—x"+=-7= (—z—x)(—z+x)
2 V2 V2
So the two tangent lines are given by the equations:

h
y=—+ V2x
a

(a) Rotating paths (b) Paths in the plane

FIGURE 8.2: Rotating paths

Figure 8.2(a) illustrates the path of a moving particle. The particle follows an anti-
clockwise direction. It starts from a point near zero and rotates away from the centre
until the highest permitted place. Then, it escapes to infinity following the tangent on
the top of the egg-shaped path. In Figure 8.2(b), a large number of paths are drawn.
Every path has the same value for h = AZ—ZG The paths outside the egg-shaped limits
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have direction from left to right and they do not transverse the egg-shaped region of
the plane. The iterative formula used for the above simulations is:

Xpel = X, + (a — Y VMGr;z)d
Yni1 = Yn + X, VMGryd (8.12)

Fa = /X2 + Y2

where, for the above figures, a = 2, MG = 100 and d = 0.05.

Other interesting properties of the aforementioned egg-shaped forms arise by us-
ing elements from mechanics. From the equations of motion, it is clear that the para-
meter a is a constant speed with direction parallel to the x axis. The rotational speed
has two components: %, j. However, at the top and at the bottom of the egg-shaped
form only the x component of the velocity is present, since x = 0. The rotational

speed, or the transverse component of the velocity, isv = /MTG This speed must be

equal to a. Thus, without using the equations for the trajectories, the value of y at
the top, x = 0, is estimated from the equality v — a = 0. Thus,

MG
—— —q
y

_ MG
=
To obtain the equation for the total speed at the lower point of the curve, we must
take into account that this speed must be equal to the escape speed:

and

V4 a = Upge (8.13)

The escape speed for a mass rotating around a large body is known from mechanics
to be:

2MG
Uesc = —
y
Thus, equation (8.13) becomes:
MG 2MG
—ta= 4 |—
y y

Finally, from this last equation the value of y is:
MG
y=—(V2-1

This is, up to a sign, the same result obtained in equation (8.10). It is obvious
that the system in these particular cases obeys the laws of classical mechanics. This
egg-like form is a set of vortex curves with relative stability and strength.
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8.3 A Discrete Rotation-Translation Model

The analysis above is significant in helping us understand the dynamics under-
lying the rotation analogue in the discrete case. The iterative scheme based on the
difference equations for rotation-translation is more difficult to handle analytically,
but, on the other hand, it is closer to a real life situation. No approximation is needed,
whereas, the egg-shaped scheme and the trajectories are retained. Moreover, the tra-
jectories inside the egg-shaped boundary are perfectly closed loops. Additionally, the
chaotic nature of the rotation-translation procedure near the centre becomes appar-
ent. In the equations (8.4), we introduce an area contracting parameter b (0 < b < 1),
and the final equations used are the following

Xp+1 = a + b (x, cos 46 — y,, sin 46) (8.14)
Yns1 = b(x,sin460 + y, cos 46) '

where the same approximation

is used.
A convenient formulation of the last iterative map expressing rotation and transla-
tion is achieved by using the following difference equation

fn+l =a+ bﬁleug (8.15)

where f, = x, + iy,.

The Jacobian determinant of this map is J = b*> = 1;1,. This is an area contracting
map if the Jacobian J is less than 1. The eigenvalues of the Jacobian are A; and A,
and the translation parameter is a.

A very interesting property of the map (8.14) is the existence of a disk F' of radius
% centered at (a, 0) in the (x, y) plane. The points inside the disk remain inside it
under the map.?

To locate the fixed points of this transformation, let us change coordinates by

setting:
a
@=hTTR

Then the transformation can be rewritten as:

Zntl —Zn = (bem - l)z,, + ab(em — b)

1-b?

2This fact is left as an exercise for the reader.
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So for a fixed point we would have:

ab e —b
= . , 8.16
R (l—be“"’) (8.10)
It can easily be verified that
10 _
1= beidd| ~

and consequently all fixed points lie on the circle centered at (#, 0) and with radius
ab

2, in other words they satisfy:

1-57°
( a )2 R a’b?
X——— =—0
i-02) 7Y T a-pey
Further, if we transform equation (8.16) back to an equation for f = f,, we get:

a edf —p a
= 1+b - = -
f 1 - b2 ( 1- be"'g) 1 — bel4?

Therefore, the fixed points f further satisfy:?

cos(6) = (1 +b* - “—2) (8.17)
2 r '

This equation can easily be solved provided that the angle 46 is a function of r.

Be begin our analysis with the case where no area contraction takes place, so that
b = 1. In this case the disk F is replaced by the entire plane. An interesting property
of the system (8.5) in this case is that the resulting map often exhibits a symmetry
along the line x = 7, particularly when chaotic behaviour is present. This is different
from the symmetry axis of the differential equation analogue where the symmetry
axis is the line x = 0. In the difference equation case, the egg-shaped form is shifted
to the right of the original positions of the system of coordinates.

As a possible explanation for this symmetry, let us consider the map in the form:

fn+1 =a+ ﬁleiAH

For any complex number z, it can be easily seen that its reflection with respect to the
axis x = 7 is a — z, where Z is as usual the complex conjugate of a complex number.

If we denote the reflection of f; by g,, then we see that:

Guit = a— farr =a—(a+ fie™) = (—a+ g™

3The derivation of this is also left as an exercise to the interested reader.
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Multiplying through with e?, we see that the reflections satisfy a very similar recur-
.4

sive relation, except that it goes “backwards”:
Gn = a+gn1e”’

Assuming that at some time the map passes very close to the x = 3 line, the corre-
sponding point will be very close to its reflection, and the evolution of the system
from that point on will be very close to the reflection of the history of the system up
to that point. This would cause the map to seem symmetric, especially when it ex-
hibits chaotic behaviour. Similarly, equilibrium points will tend to exhibit symmetry
around this axis.

We proceed now to discuss the equilibrium points of the system. We are therefore
searching for the points where x,,; = x, and y,+; = y,. This leads to x = % and

y = %cot(%’). It is clear that there is no symmetry axis in the x direction, as y
does not show stable magnitude since it is a function of the angle 46. However, an
approximation of y is achieved when the angle 46 is small. Then
a MG
VT
The point (x =3.y= %) is therefore an equilibrium point. However, it is not a

stable equilibrium point. The system may easily escape to infinity when y is higher
than <.

(a) Rotation-translation (b) The central chaotic bulge

FIGURE 8.3: Rotation-translation, and the chaotic bulge

4 An important detail here is that 46 depends on n, so the formulas don’t quite match up, unless 46,
is close to 46),.
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Figures 8.3(a) and 8.3(b) illustrate a rotation-translation case with parameters
a = 2 and MG = 100. In Figure 8.3(a), a number of paths inside the egg-shaped
formation are drawn. All the paths are analogous to those obtained by the differen-
tial equation analogue studied above, but they are moved to the right at a distance
x = 5. A chaotic attractor that resembles a bulge appears around the centre of co-
ordinates. An enlargement of this attractor is illustrated in Figure 8.3(b). This is a
symmetric chaotic formation with the line x = § as an axis of symmetry.

(@a=03 b)a=1

FIGURE 8.4: The chaotic bulge

Figures 8.4(a) and 8.4(b) present an illustration of the chaotic bulge of the rotation-
translation model. The parameters are a = 0.8 for Figure 8.4(a) and a = 1 for

Figure 8.4(b). In both cases, MG = 100 and the rotation angle is 46 = | %

In Figure 8.4(b), third and fourth order equilibrium points appear, indicated by a
small cross and a bigger cross respectively. In this case, the following relations hold:
Xn+3 = Xp and Y43 = Yy, and X4 = X, and y,4 = y, respectively.

Accordingly, in Figure 8.4(a), two equilibrium cases appear, one of second order
(indicated by small cross) where x,» = x, and y,4» = y, and y,;» = y, and one of
the third order where x,,.3 = x,, and y,+3 = y,.

In both cases, an algorithm is introduced for the estimation of the equilibrium
points. The convergence is quite good provided that the starting values are in the
vicinity of the equilibrium points.

As the parameter a takes higher values, higher order equilibrium points appear.
A fifth order equilibrium point is added to those presented before, as illustrated in
Figure 8.5(b), when a = 1.2. The relations for the new equilibrium point are x,,,5 =
X, and y,4s = y,. Figure 8.5(a) illustrates the case where a = 0.2. Only a first order
equilibrium point is present.
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(a)a=02 (b)ya=12

FIGURE 8.5: The chaotic bulge

Higher order bifurcation is present in Figures 8.6(a) and 8.6(b). In Figure 8.6(a),
a tenth order bifurcation form appears in the periphery of the chaotic attractor. The
magnitude of the translation parameter is @ = 1.5. In Figure 8.6(b), the translation
parameter is a = 1.9. At this value, the bifurcation is so high that the chaotic region
covers all the space bounded by the egg-shaped form. The point masses following
chaotic trajectories eventually escape to infinity.

(@ya=15 (b) Complete chaos (a = 1.9)

FIGURE 8.6: The chaotic bulge

It is difficult to find the coordinates of equilibrium points that are located in the
centre of the islands that are in the middle of the chaotic sea of the attractor, though
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as discussed earlier those are going to be symmetric with respect to the axis x = .

A first order equilibrium point is characterised by the simple relations x,.; = x,
and y,+1 = y,, which lead to the following relation for the radius of the circle on the
periphery of which the equilibrium point must be located

/ MG
Ri~ o . k=1,2,...
k (kn)?

(a)a=0.1 (b)a=0.5

FIGURE 8.7: Equilibrium points

The circles Ry introduce a set of decreasing order with regards to the magnitude
of the radius, as illustrated in Figure 8.7(a) (@ = 0.1). The first point located on
the circle with the larger radius (k = 1) is indicated by a cross. A few isoclines
indicating the limits of the island are drawn around this point. Subsequent points
follow in decreasing order. They are located in the middle of the isoclines.

The equilibrium points of higher order follow by using different relations. A sim-
ple case is that of the estimation of the equilibrium points of the second order, that
is, when the coordinates are x,.» = X, and y,+» = y,. This assumption leads to the
following equation:

(* + y*) cos?(46) + 2x% cos(40) + x> —y* =0

This equation is fulfilled if the rotation angle obeys the relation 40 = (2k + 1)m.
Then, this result leads to the following relation for the radius of the circle, on the
periphery of which the equilibrium points must be located:

M
Ry ~ —Gz k=1,2,...
2k + 1)m)
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The simulation results are illustrated in Figure 8.7(b). The translation parameter
is a = 0.5. The concentric circles are distributed in decreasing order according to the
magnitude of the radius R;. The first two equilibrium points are distributed in the
outer circle. They are indicated by a cross and are located on the axis of symmetry
x = £, but in opposite directions: one to the positive and one to the negative part
of the semi-plane for y. Three pairs of order two equilibrium points are illustrated
in Figure 8.8(a). The equilibrium pairs are indicated by a cross. Also, the three
equilibrium islands of the first order are presented. The parameter is a = 0.04. As
this parameter has a very low value, the central chaotic bulge has a small radius.

(a) Equilibrium pairs (a = 0.04) (b) Order-3 bifurcation (a = 0.7)

FIGURE 8.8: The chaotic bulge

The order three equilibrium points are presented in Figure 8.8(b). They are located
in the middle of the three islands that are in the outer part of the chaotic bulge.
The translation parameter is a = 0.7. The order three equilibrium points are in the
periphery of a circle centred at (, £). The radius of this circle is approximated by

_ .| MG a\?
“\ @nr/3)? (4)

8.4 A General Rotation-Translation Model

The solution of the differential equation of the model (8.7) leads to the form

ay+h = f(AH)rdr
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A simple approximation of the quantity 46 is:
MG
A0 = | —
B
Then, the solution has the form
2B
reT2
ay+h = . VMG (8.18)
)

The special case 8 = 2 leads to the following equation form

ay+h=rvMG

(2 + Y )GM = (ay + h)*

This equation expresses a family of ellipses (Figure 8.9(a)). The parameter a is
6, and the constant of integration & takes several values. The axis of symmetry is at
x = 5. Figure 8.9(b) illustrates a chaotic central bulge. The outer part of this chaotic

or:

attractor is approximated by an ellipse with 7 = MG + a°.

(b) The chaotic bulge

(a) A family of ellipses
FIGURE 8.9: Elliptic forms and the chaotic bulge

When g = 4, the resulting equation for (x, y) is:
VMG In(r) =ay + h

The rotating forms are egg-shaped and similar to those provided in earlier rotation
forms. With the exception of 8 = 2, where the rotation paths are elliptic, the cases

with 8 > 2 provide egg-shaped rotation forms.
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Another very important property of the elliptic case (8 = 2) is that the rotating par-
ticles remain in the elliptic paths even if high values for the parameter % are selected.
In the limit when the parameter a approaches zero the ellipses turn to concentric
circles.

8.5 Rotating Particles inside the Egg-Shaped Form

Two cases are of particular importance. In the first case, the translation parameter
a is quite small, and the particles are trapped inside the egg-shaped form and remain
there, following the trajectories proposed by the theory discussed so far. However, a
smaller region inside the trapping region exhibits chaotic behaviour. In this region,
the particles follow chaotic paths that form the attractors presented above. In Fig-
ure 8.10(a), the outer limits of the egg-shaped form are drawn, and a disk of rotating
particles of equal mass is centered at (0, 0). The particles are distributed by follow-
ing the inverse law for the density p given by p = <. The diameter of the disk is
chosen as to be exactly within the limits of the egg-shaped form. The parameters are
a = 0.25 and GM, = 0.45. The rotation angle is given by

46 = 4/ GAfO
r

The resulting form that the disk of rotating particles takes after time ¢ = 10 appears
in Figure 8.10(b). The original cyclic form has now changed, providing an outer form
of rotation and an inner chaotic attractor-like object.

Figures 8.10(c) and 8.10(d) illustrate the resulting picture after time ¢ = 20 and
t = 100 respectively. The distinct inner attractor is more clearly formed. In the case
presented in Figure 8.10(d), the outer part of the rotating object extends to almost the
entire space of the shape, but by following very specific characteristic paths.

In the second case, the translation parameter is high enough so that all of the
egg-shaped space is contained in the chaotic region. The system is unstable and
the rotating particles are not retained inside the egg-shaped region. On the con-
trary, they escape by following the escape trajectories and move away from the egg-
shaped region. After a while, the majority of the particles will leave the region. Fig-
ures 8.11(a), 8.11(b) and 8.11(c) illustrate three instances, in times r = 2, f = 3 and
t = 4 respectively. The translation parameter is a = 0.6. The cross in Figure 8.11(a)
is at (x,y) = (a,0). A cross indicates the characteristic centres of the chaotic forms.
These coordinates are calculated by using as starting values in a repeated procedure
x = a and y = 0. The iterative procedure is based on the difference equations for x
and y.

The case when ¢ = 10 appears in Figure 8.12. The rotating system of particles
is in an intermediate stage. It escapes from the egg-shaped form, but a part of the
system remains around the location (x, y) = (a, 0) inside the egg-shaped form. When
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@tr=0 (b)r=10

()t =20 (d) =100

FIGURE 8.10: Rotating particles

(@)r=2 (b)yt=3 (©)t=4

FIGURE 8.11: Development of rotating particles over time (a = 0.6).
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the magnitude of the translation parameter takes higher values, all the particles es-
cape after a short interval (Figure 8.12(a)). An intermediate stage appears in the
Figure 8.12(b), with parameter a = 0.7 and time ¢ = 10. The leaf-like structure starts
to disappear inside the egg-shaped form when close to (x, y) = (a, 0). These jets eject
material through the trajectories of the model. The speed of these jets depends on the
magnitude of the parameter a and on the original rotation speed. The speed and the
direction of the jets of material coincides to a after a large enough amount of time ¢.
Figure 8.12(c) illustrates the case when a = 0.8. Only the last part of the jet remains
connected to the source of the chaotic sea inside the egg-shaped pattern.

(a)a=0.6 (b)ya=0.7 (c)a=0.38

FIGURE 8.12: Development of rotating particles according to the magnitude
of the translation parameter. The elapsed time is = 10.

When the translation parameter is a = 1 (¢ = 10), all the rotating material escapes
outside the egg-shaped pattern. In Figure 8.13(a), the original cyclic disk is quite
large, and a part of this disk lies outside the egg-shaped formation. However, all
the material follows the escape route as a compact formation. On the other hand,
in Figure 8.13(b), the influence of a small translation parameter (a = 0.25) to an
original large cyclic cloud has a critical impact to the cloud formation. After ¢ = 100,
the cloud is separated into two formations, the first inside the egg-shaped form with
the chaotic bulge-form in the middle, and the second outside.

8.6 Rotations Following an Inverse Square Law
We return to the original system of differential equations

X =a-y46

= a6 (8.19)
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(@a=1,t=10 (b)a =0.25,1r =100

FIGURE 8.13: Rotations

and the resulting differential equation for x, y:

dy x40
dx a-y46

This equation leads to the following form
ady = (40)rdr

The solution of this differential equation depends on the form of the function 46. In
this section, we use a function known from mechanics, that deals with the rotation
angle. This function arises from the law related to the transverse component of the
acceleration in a circular movement. The function is expressed by the formula § = 3,
where c) is a constant. Provided that 47 = 1, the following approximation for 46 is
obtained

Finally, we proceed to the solution of the equation:
ady = c—ldr
r

The solution is
ciln(r)y=ay+h (8.20)

where 4 is an integration constant.
This last equation can be transformed in the following form:

6—21 (2 + y?) = ay + h 8.21)
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Exploring the properties of this last equation, we set x = 0 when y = r. In this
case the maximum or minimum values of y are obtained. The resulting equation for
yis

ciln(y)=ay+h

The maximum value for y is achieved when y = <. Then, the value of the para-

meter A at this limit is

heie = €1 (ln a_ 1)
a

This value of A, applied to equation (8.21), gives an equation for the path of a
trajectory in the (x, y) plane, which divides the plane in two segments. This trajectory
is the outer limit of the vortex region of the rotation. When & > h., the trajectories
diverge and the rotating object heads off to infinity. When & < h, the object rotates
inside the limits set by the above trajectory.

FIGURE 8.14: The characteristic trajectory

Some very interesting properties of the two-dimensional function are illustrated in
Figure 8.14. The trajectory in the limit of escape is shaped as an egg. The sharper
corner is at the maximum value of y = < where x = 0. These values of x,y set the
derivatives X, j equal to zero. However, this point is not stable. This maximum value
is obtained by solving the following equation for y:

In (@) ~Yii=0
Cq C]
The minimum value of y is obtained when the rotation speed is maximum. The
resulting equation for y is:
In (“—y) + Y -0
€1 €1

A numerical solution gives y = 0.278<L.
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The maximum xp,x is estimated by equating to zero the first derivative of the
following equation for x, y:

a In(x* +y*) = ay + ¢, ln(ﬂ) -c
2 a

After appropriate differentiation, a numerical solution of the resulting equation gives
Xmax = 0.402<L. This is achieved at y = 0.203<.

When y = 0, then x = L. The tangent at this point is % = e. This tangent appears
in Figure 8.14.

The tangent at the top sharp corner of the egg-shaped form can be computed as
before, using Taylor approximation of the curves in a neighbourhood of the point
(0, ‘;‘) Setting z = y — <!, equation (8.21) becomes:

2

C
ﬂln(x2+z2+26—lz+—; =az+c +h (8.22)
a a a

Using the expansion

1
1n(a+x)=1n(a)+f—-x—+ .
a 2ad

2
where a = Z—‘z and x = x* + 2% + 2%z, we see that equation (8.22) becomes:

2 2 ! 2
cra c1 a > 2 C1

+ +h_—l +——( + +2—) ( + +2—) 4+
ara 2 ( ] 2c1 rore aZ 22c‘1‘ rore aZ

Finally, after simplification, this becomes:

0= Zlazc%(z—2z2+---)
In other words, the two tangent lines at the point (x,z) = (0,0) are given by the
equation:

x2 — 222

In Figures 8.15(a) and 8.15(b), important properties of the model are presented.
In Figure 8.15(a), the continuous model presented above is simulated. On the other
hand, in Figure 8.15(b), the discrete analogue of the model appears. Figure 8.15(b)
illustrates the central bulge in the case of a = 2.7 and ¢; = 100. The value of
the translation parameter is quite high. This causes the appearance of an enormous
chaotic attractor in the middle of the egg-shaped area. As in the case discussed
previously, strong bifurcation is present.

As is illustrated in Figure 8.15(a), the particle follows an anti-clockwise direction.
It starts from a point near zero, and it rotates away from the centre until the highest
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(a) The continuous case (b) The central chaotic bulge

FIGURE 8.15: Comparison of the continuous and the discrete models

permitted place. Then, it escapes to infinity following the tangent on the top of the
egg-shaped path. The iterative formula for the above simulations is the following:

C1
Xn+l = Xp + ((1 - ynr_z)d

C
Ynsl = Yn + xnr—;d (8.23)

n = \}x% +y121

The parameters in both figures are a = 2.7, ¢; = 100 and d = 0.0001.
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Questions and Exercises

1.

10.

11.

12.

13.

Show that the maximum speed in the rotating mass of system (8.7) is obtained

exactly when

MG
y=-—75,x=0
a

Show that for i > % the orbits of system (8.7) go to infinity.

Consider the system (8.14), expressed via the simpler form (8.15). Show, by
considering the resulting system for z,, = %, that if f,, is within the circle
centred at (a,0) and with radius ;‘T”b, then f,,; is also within that circle. What
happens with point outside this circle?

Derive equation (8.17) for the fixed points of the system (8.14).

Show that if z is a complex number, its reflection along the line x = § will be

a-—7.

(SIS}

Construct the level curves in the x,y plane of equation (8.9) for 4 = 0, and
varying values of a. What is the form of the curves when a = 0?

Use the equations (8.7) where

MG
0=
a
to determine the rotation speed in the x and y directions for the level curves
examined in the previous question.
2MG

a °

Construct the levels curves in the x, y plane of equation (8.9) when i =
for various values of a.

. Draw the level curves (x,y) of equation (8.18) for various values of 3, and

especially for 8 = 1.

Following the methodology of section 8.6, draw escape paths of particles
through an egg-shaped form.

Construct a rotating model providing an egg-shaped form, and draw a chaotic
bulge and escape paths for both small and large values of the parameter a.

Explain why the continuous case of Figure 8.15(a) does not show any chaotic
behaviour.

Draw trajectories for the discrete case of Figure 8.15(a).



Chapter 9

Shape and Form

9.1 Introduction

About 2300 years ago, Euclid of Alexandria wrote his famous book on geometry
called The Elements. This book, and its famous five postulates, became the basis of
what is now known as Euclidean geometry. The usual notion of distance in space,
essential when we design geometric forms in two or three dimensions, carries his
name (the “Euclidean metric”).

The development of science throughout the centuries brought new theories and
improvements in all scientific fields. Nevertheless, the Euclidean metric remains
unchanged, and still plays an essential part in a bevy of topics. The theory of the
simulation of chaotic shapes included in this book is based on an analytic approach
that for the most part uses the fundamental notions of traditional Euclidean geom-
etry. The essential components of this theory, namely the notions of translation,
rotation and reflection, are defined and explored in this chapter, along with applica-
tions related to the development of chaotic forms and shapes.

As one can readily verify, a large number of chaotic objects that appear in the
literature may be classified as geometric objects produced by following simple geo-
metric rules. Even non-chaotic objects are similarly simulated by following the same
geometric rules.

Translation, rotation and reflection are not only tools essential in forming geomet-
ric objects, but can also be used as a basis of understanding how a process, chaotic
or not, can generate shapes and forms. The linear movements of physical objects
are easily modelled geometrically by using translation. Rotation and translation are
present in stellar systems, galaxies, tornados and vortex movements. Reflection is
generally associated with light refraction, galactic object formation, as well as vor-
tex formation.

This chapter includes a brief introduction to the elementary rules of analytical ge-
ometry that are used throughout this book, along with several applications on the
shape and form of chaotic and non-chaotic objects. This theoretical treatment is
combined with applications to special relativity and Penrose’s tiling theory, via sim-
ulations based on relatively simple affine transformations. Interested readers may
find related topics in books on hyperbolic geometry.

179
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9.1.1 Symmetry and plane isometries

Any subset of the plane is called a figure. It can be easily observed that some
figures are more interesting than others. Figures with a high degree of symmetry
are most interesting, not only because of interesting forms arising in simulations, but
also because they often occur in nature. Spiral galaxies, snowflakes, molecules and
crystals are examples of objects with symmetric cross sections.

By symmetry for a figure A, we mean simply a transformation that preserves the
figure. The simplest kind of symmetry in a plane figure is that of symmetry with
respect to a line. Two points X and X’ are symmetrical with respect to a line [, if the
line / bisects and is perpendicular to the segment XX’. We will also say that X’ is the
reflection of X along ¢ (Figure 9.1).

0) X'

FIGURE 9.1: Symmetry/reflection along a line

An isometry is a transformation which preserves distances; i.e. it is a transforma-
tion

T:R> > R?

with the property that the distance from 7T(A) to T(B) is the same as the distance
from A to B. A standard theorem in Euclidean geometry is that

every planar isometry is completely determined by its effect on three
non-collinear points.

The proof is fairly straightforward and instructive: Since distances are preserved,
the circle centred at A and with a given radius is mapped to the circle centred at
TA, and with the same radius. If we consider the three circles through D, and with
centres A, B, C respectively, and look at their images, then 7D must be the point of
intersection of these three circles (Figure 9.2).

Isometries respect the two fundamental aspects of geometry: the incidence aspect
based on the notion of collinearity, and the metric aspect based on the notion of
distance. The fact that isometries respect collinearity is left as an exercise.

There are four basic kinds of planar isometries:
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FIGURE 9.2: Planar isometries are determined by their effect on three points

Translations These are fully described by a single vector #. Such a transformation
is given simply by:!

TO=w+7

Rotations These correspond to a rotation with a given angle and around a specific
point. Assuming the rotation is around the origin, the transformation is given
simply by the matrix:

cosf —sinf
rotd = [ }

sin@ cos@

in other words:

L x| _[xcos@—ysind
Ti = rot(9) [y] B [x sin @ + y cos 0]

Reflections A reflection across a line £ passing through the origin and forming angle
6 with the x axis is given by the matrix

ref o = [cos 20 sin 20]

sin 20 — cos 26

and therefore it has the form:

Tw = ref(G)[ }

X [x €08 26 + y sin 20]
y

xsin 26 — ycos 26

Glide Reflections A glide reflection is a translation followed by a rotation along
a line parallel to the translation direction. The translation and rotation can
be performed in either order. An example of a glide reflection is given in
figures 9.3(a) and 9.3(b). You can see that a glide reflection can be thought of
also as the composition of a rotation followed by a reflection (or equivalently,
three reflections along lines that do not all have a point in common).
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TO

o

(a) Glide reflection as a rotation, fol- (b) Glide reflection as a translation, followed
lowed by a reflection by a reflection

FIGURE 9.3: Glide reflection seen in two different ways

The matrices rot 6, ref 6 have a series of useful properties, which we summarise
here:

rotorotyp = rot(6 + ¢) ©.1)
rot(0) = I 9.2)
refdref¢ = rot(2(6 — ¢)) 9.3)
reforotp = ref(6 — ¢/2) 9.4)
rotgref6 = ref(6 + ¢/2) 9.5)
refOrefgrefy = ref(6 — ¢ +y) 9.6)

We leave the verification of these identities to the reader.
It is worth pointing out that the composition of two reflections with the same centre
is a rotation with angle twice the angle between the two reflection lines:

cos 2(8 — ¢) —sin2(8 — ¢)

reforefd = . 200-¢) cos2(6— )

=rot2(0 — ¢)

For a geometric proof of this fact, consider the effect of the combined transformation
on the points O, A, B in Figure 9.4(a). The first reflection, along the line £}, takes the
points O, A, B to the points O, A, B’.% and the second, along the line ¢,, takes those

Here, as well as in the rest, we will identify a point P(x, y) with the vector @ starting at the origin
and ending at (x, y).
2Since a reflection fixes all points on the reflection line.
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points to the points O,A’, B’. The same effect would be obtained by the aforemen-
tioned rotation.

At this point, you might be wondering, what happens when we take the composi-
tion of two reflections along parallel lines. The result is a translation with a vector
twice the distance between the two lines (Figure 9.4(b)).

%) 4
= C
B” B B
A" = A A
(a) The composition of two re- (b) The composition of two reflections
flections along intersecting lines along parallel lines is a translation
is a rotation around the intersec-
tion

FIGURE 9.4: The composition of two reflections

A very striking result is that these four types, along with the identity, are all the
plane isometries, namely:

1. Every plane isometry is a composition of reflections.

2. Every composition of reflections in the plane can be performed
with at most three reflections.

The relation between isometry groups and symmetries is given by the following
theorem, already known to Leonardo da Vinci:

All finite isometry groups can occur as symmetry groups of figures, and
cannot contain translations or glide reflections.

We finish this section with a brief discussion of the points and shapes left invariant
by the various isometries. A shape/set S is said to be left invariant by a transforma-
tion T, if the sets T(S) and S coincide (i.e. if the transformation preserves S as a
whole, though it might move the points of S around). We omit the identity, which
leaves everything fixed.

Points Translations and glide reflections have no fixed points. A rotation fixes its
centre, while a reflection fixes every point on the line of reflection.
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Lines A translation along a line £ leaves that line, as well as any line parallel to it,
invariant. A glide reflection leaves its line of reflection invariant. A rotation
has no fixed lines, unless it is a rotation by 180°, in which case it leaves any
line passing through the centre of rotation invariant. Finally, a reflection leaves
invariant the line of reflection, as well as any line perpendicular to it.

9.2 Isometries in Modelling

We now focus our attention on maps that make heavy use of isometries in their
construction.

9.2.1 Two-dimensional rotation

Rotation in a plane is the most frequently arising case in chaotic modelling. Even
the three dimensional case of rotation, in many cases, is reduced to rotation in the
(x, y) plane around an axis of rotation perpendicular to this plane, after an appropriate
change of coordinates.

A map arising from rotation in the plane is expressed by:

Xn+1 = rot en Xn — Xn C.OS gn ~ Yn sin gn (97)
Yn+1 Yn Xp SIN en + Y, COS 911

Orbits of the above map stay in a circle of radius r = /xé + yg, where (xg, yo) is
the set of initial values. This can be easily verified from the relation r,,; = r,, and
is independent of the form of the rotation angle 6,. Every system of this type will
continue with circular movements without any change in the circular path.

When a translation is added to rotation, things change radically. Without loss of
generality, we will consider the translation as a single parameter a added in the x
direction. The resulting map is given by:

[x””] =roté,
Yn+1

a+ xcosf, —ysinb,
xsiné, + ycoséd,

X n

L@
ol =
By the addition of a translation parameter, the radius r,,; is not generally equal to
its previous value r,, as is easily verified by the relation:

9.8)

n

2 _ 2, 2 :
T =TI, +a” +2a(x,cos6, —y,sinb,)

It is clear that r,,; is also a function of the rotation angle 6,. Also, another relation,
not directly containing the rotation angle, holds:

2 2_ 2
Tyoy — 20Xy +a” =1,
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This relation, after summation, yields

n

n
2 2 2
Z(ri“ —r;)+na” = ZaZx,-
1

1

wherei =1,2,...,n. Setting x = % 21 x;, and after the appropriate cancellations, we
obtain:

27
=044

n

2ax

In the limit (n — o), assuming the radius r, is bounded, the following simple
relation arises:

_ a
X==
2
This is suggesting the possibility of symmetry around this axis in a rotation-

translation iterative procedure (see for example Figure 9.5). This subject was dis-
cussed more extensively in Chapter 8.

One can easily obtain various symmetric forms by choosing a function for the
rotation angle. Selecting non-linear functions for the rotation angle is essential for
producing forms of high complexity, as well as chaotic forms. The figures in the
subsequent sections are chaotic and non-chaotic cases of rotation-translation iterative
schemes.

FIGURE 9.5: A symmetric graph
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9.3 Reflection and Translation

Movement that follows reflection with translation is modelled as in the previous
rotation-translation case. The map that expresses translation-reflection has the gen-

eral form:
a+ xcos 26, +ysin26,

xsin26, — ycos 26,

X n

[x"“} = refd, ||+ |%] = 9.9)

Yn+1 0 -

It is easily verified that the reflection-translation map (9.9) provides symmetric

iterative forms with a symmetry axis perpendicular to the x axis at a distance equal
to a/2 from the origin. Some illustrative examples follow.

n

9.3.1 Space contraction

The iterative procedures presented above using rotation, reflection and translation
are based on a stable distance and space metric. At a first glance, space contraction
or expansion could be a case of specific interest in relativistic problems in cosmol-
ogy and elsewhere. However, several other very interesting cases appear. Many
chaotic objects are formed by applying space contraction rules along with rotation,
translation and reflection.

Space contraction or expansion appears in vortex formation in chaotic advection or
in chemical reactions. The simplest model uses a parameter b by which the distance
equations are multiplied. In other words, in every iteration we would have:

Tptl = br, n
In the case of rotation-translation, the iterative formula takes the form

Xn
y’l

a + bx, cos 8, — by, sin 6,
bx, sin6, + by, cos 6,

a—

+1o|= (9.10)

[x””} =brot#,
Yn+1

The system (9.10) has a Jacobian determinant of J = b, which means a space
contraction or expansion proportional to b*. Space expansion is present for example
in supernova explosions, but also in weather modelling and wave propagation. On
the other hand, space contraction is more interesting from the point of view of sta-
bility and form generation. Contraction is counterbalanced by the presence of either
rotation or translation. In the case of contraction, the iterative spiraling sink towards
a point of attraction is replaced, due to rotation and other balancing mechanisms, to
a movement inside an attracting space, the “attractor.”

It is interesting that the relativistic space contraction may lead to the same iterative
scheme as (9.10). This is easily demonstrated by observing the relativistic space
equations, that is

©.11)
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’ 2
U
b= 1—(:—2

It is evident in the previous formulae, that relativistic space contraction can be ob-
served for relatively high speeds. However, as demonstrated in Chapter 12, changes
can appear in chaotic images even in lower speeds.

where

9.4 Application in the Tkeda Attractor

A very interesting approach regarding rotation and reflection along with transla-
tion and space contraction appears in the figures below. The so-called Ikeda model
and the famous associated attractor express the rotation-translation-space contraction
example (Ikeda, 1979; Ikeda et al., 1980). The iterative scheme for rotation is:

Xp a

*lo

[x””] =brot#,
Yn+1

Ikeda proposed the following function for the rotation angle:

d

,=c— —
21 .2
1+x5+y;

9.12)
where ¢ and d are rotation parameters. The rotation angle 6 is a function of the square
of the distance from the origin. At large distances, the system rotates with an angle
6 =~ ¢, whereas, close to the origin, the rotation angle is 8 ~ ¢ —d. The classical
Ikeda attractor is obtained when @ = 1,b = 0.83,¢ = 0.4 and d = 6 (Figure 9.6).

FIGURE 9.6: The Ikeda attractor
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The reflection-translation map with a similar function to (9.12) for the reflection
angle is expressed by the iterative scheme:

[anrl] — bref@n Xn
Yy

a

*lo

Yn+1 n

where the reflection angle is given by:

20, =c+ —
" 1+x2+y2

The Jacobian determinant in this case is negative, J = —b?. The reflection attrac-
tor, presented in Figure 9.7, has two separate images. The figure on the right looks
like a mirror image of the Ikeda attractor. The parameters for this simulation were
a=22,b=09,c=15andd =2.15.

FIGURE 9.7: The reflection Ikeda attractor

9.5 Chaotic Attractors and Rotation-Reflection

Both rotation and reflection generate chaotic attractors for appropriate values of
the parameters a, b, ¢, and d. Two important questions are:

a) Are there parameter values that generate chaotic attractors in both cases?

b) If there are, then what are the interrelations between rotation and reflection at-
tractors?
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FIGURE 9.8: Comparing rotation-reflection cases

In Figure 9.8, we see four combinations for rotation, A(a, 8), B(—a,6), C(a, —0)
and D(—a, —6), compared to the four cases for reflection, E(e, 6), F(-a, 6), G(—a, 6)
and H(—a,—0). A rotation-reflection iterative scheme was used, just as in the pre-
ceding section, but with a rotation-reflection angle given by the more simple formula

0, = c+/x2 + Y2

In reflection, the parameter 26, was set by the same formula. The parameters were
a=1,b=0.68 and ¢ = 10/3. Figure 9.9 illustrates the first two graphs to the left of
Figure 9.8.

FIGURE 9.9: Comparing rotation-reflection case

Another reflection-translation chaotic attractor is formed by selecting a simple
quadratic function for the reflection parameter 6, that is
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20, = c+/X2 + y2.

The parameters for the simulation in Figure 9.10 were a = 1, b = 0.68 and ¢ = 10/3.

FIGURE 9.10: A reflection chaotic attractor resulting from a quadratic
rotation angle

The same reflection model provides two other attractors, as illustrated in Fig-
ure 9.11. Both figures are obtained for ¢ = 1 and b = 0.68, whereas the other
parameter is ¢ = 1 for the image on the left and ¢ = 2 for the image on the right.

FIGURE 9.11: Two other reflection attractors from a quadratic rotation angle
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9.6 Experimenting with Rotation and Reflection
9.6.1 The effect of space contraction on rotation-translation

In order to explore the effect of space contraction due to the introduction of a
parameter b (b = 0.8 < 1), consider the following rotation-translation scheme:

Xps1 = a + b(x,, cos b, —y, sinb,
. ( . Y : (9.13)
Yn+l = b(x, sin 6, + y, cos 6,)

where the rotation angle is
d

O, =c+ 24
The Jacobian determinant in this case is J = b> = 0.64. The translation parameter
is a = 6, the space contraction parameter is b = 0.8 and the rotation parameters
are ¢ = a/2 and d = a. The original particles are located in a circle of radius 6
centred at (x,y) = (a/2,0). The particles are attracted into the two chaotic attractors
(Figure 9.12(b)) inside the circle. The time development of the process is illustrated
in Figure 9.12(a). The outer circle represents the original particles at time r = 0. At
time ¢t = 1, the particles form an ellipsoid form, whereas at time ¢ = 2, the outer
part of the first chaotic attractor appears. According to this computer experiment the
approach to the chaotic state is quite rapid. However, the parameters of the model
used are high and the model expresses a strong chaotic process.

(a) The space contraction effect (b) Space contraction and chaotic images

FIGURE 9.12: Space contraction
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9.6.2 The effect of space contraction and change of reflection
angle on translation-reflection

A translation-reflection model is introduced and applied in the following computer
simulation. The set of equations expressing this model are

Xpe1 = a + b(x,, cos 0, + y, sind,
+1 ( . Y ) 9.14)
Yns1 = b(x, 8in6, — y, cos 6,)

where the rotation angle is:

d
O, =c+ ————
1+x2+y2
The original set of parameters is a = 2.2, b = 0.9, ¢ = 3. The parameter d varies,
taking the following values: 32, 16, 8, 6, 4.78 and 4.30 respectively. Six chaotic
forms of the reflection-translation scheme are presented here. The original form
appears on the top left of Figure 9.13, and the other images follow from left to right
in the top row and from left to right in the second row. We see that, as the parameter
d decreases, the original object is gradually divided into two distinct objects.

FIGURE 9.13: The effect of the reflection parameter on chaotic images

The influence that a change in the space parameter b has on a chaotic system is
examined in the following reflection-translation scheme. The original object results
whena =2.2,c=3,d =4.3 and b = 1, whereas for the other five objects the space-
contracting parameter decreases, taking the values 0.99, 0.975, 0.94, 0.93 and 0.9
respectively. The original form appears on the top left of Figure 9.14, and the other
images follow from left to right in the top row and from left to right in the second row.
Once again, as b decreases, the original object is divided into two distinct objects,
but in this case following a process different from that illustrated in Figure 9.13.
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FIGURE 9.14: The effect of space contraction on chaotic images

9.6.3 Complicated rotation angle forms

More complicated chaotic forms arise by selecting a rotation-translation scheme
with rotation angle that follows a more complicated equation. In this case, the ro-
tation angle is a function of the inverse of the radius r = /x> + y? plus a distance
parameter ¢ and another rotation angle parameter m. The area contraction parameter
is set to b = 0.93. The function for the rotation angle is

1 m

_\/cz+x2+y2 B Ve + X2 + dy?

6, =

The parameters for the simulation were set to a = 0.74, ¢ = 0.5, d = 1.6 and
m = 3.1. The resulting chaotic attractor is illustrated in Figure 9.15. This is a
more complicated chaotic attractor that could result in chaotic flows and in galactic
formations.

FIGURE 9.15: The effect of a complicated rotation angle on chaotic attractors
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A simpler form is produced by assuming that in the function for the rotation angle
the parameter c is 0. The resulting chaotic system provides an attractor expressing
flows appearing in the mixing of fluids but, also, in other rotation-translation systems.
The parameters in Figure 9.16 werea = 1,5 = 0.87,d = 1 and m = 3.1.

FIGURE 9.16: The effect of a complicated rotation angle on chaotic attractors

A two-piece chaotic attractor is formed by using a rotation-translation formula
with a special rotation angle. The rotation angle has a constant term denoted by ¢ and
a varying term related to a transformed distance. The model is a space contracting
one (b = 0.9). It also has a slightly different form for the rotation-translation

Xps1 = a+ b(x, cos 6, —y,sinb,)
. (9.15)
Yne1 = —a + b(x, sin 6, + y, cos 6,)

where the rotation angle is
d
(5 + (5
The other parameters were settoa = 9, ¢ = a and d = 6. The two-piece chaotic
attractor is presented in Figure 9.17(a).

6, =c+

9.6.4 Comparing rotation-reflection

Figure 9.17(b) illustrates a two-piece chaotic attractor, resulting from a set of equa-
tions expressing rotation and translation without space contraction (b = 1). The
rotation angle is a function of r, that is

d

6, =c+



Shape and Form 195

(a) With space contraction (b) Without space contraction

FIGURE 9.17: Two-piece chaotic attractors

The process shows how an original rotating disk of particles can form two distinct
symmetric chaotic forms. The parameters were set to a = 37, ¢ = 2.85 and d = 15.5.

FIGURE 9.18: Reflection: a two-piece chaotic attractor

The images presented in Figure 9.18 are the reflection analogue of this system.
The reflection-translation equations without space contraction (b = 1) are used. The
reflection angle (6,.y) is as in the previous rotation-translation case but it is related
to the rotation angle (6,,,) by the relation 6,y = 26,,,. When the parameters take the
values a = 80, ¢ = 5 and d = —20, the reflection-translation model provides two
objects with mirror symmetry, as illustrated in Figure 9.18.
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9.6.5 A simple rotation-translation model

FIGURE 9.19: A simple area preserving rotation-translation model

A simple space preserving (b = 1) rotation-translation model with a rotation angle,
varying according to the square of the distance r from the origin (6, = c¢(x? + y?) =
cr?), also gives an interesting rotation-translation image, illustrated in Figure 9.19.
There is an island with equilibrium points achieved when (x,+1 = X, Ypt1 = Yn)s
centred on the symmetry axis (x = a/2), and four symmetric islands (in two pairs)
with equilibrium points that follow the rule x,.4 = x,, and y,,14 = y,. The parameters
were setto a = 1 and ¢ = 0.65.

9.7 Chaotic Circular Forms

The study of a rotation process in which the rotating particles move at circular
or other paths from the centre following a specific formula is of particular interest.
The simulations arising out of these cases start by forming concentric circles with
different particle density and can lead to more complicated forms, depending on the
selected set of non-linear functions. The iterations follow the simple scheme:

X, = 1,co86,

Yn

(9.16)

7, sin 6,
where 6, increases in a constant way:

Ops1 =6, +6
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Depending on the iterative scheme for the radius r,, interesting patterns arise, along
with chaotic behaviour. As a simple example, consider the iterative formula:

a
Tyl = b-—
|7l

The (a, r) bifurcation diagram for this model is shown in Figure 9.20(a). Second,
third, fourth and higher order bifurcations appear. The parameter b is set to 2.4,
while the parameter a varies in 1.2 < a < 6.9.
Figure 9.20(b) illustrates the bifurcation diagram (a, r) of the model expressed by
the formula:
Fn+l = b— 1

2
U

The parameter b is set to 2.4, while the parameter a varies in 0.2 < a < 60.
Figure 9.20(c) illustrates the (a, r) bifurcation diagram of the model:

a
Fn+1 :b__4
n

The parameter b is set to 2.4 and the parameter a varies in 0.2 < a < 60.

The development of the theory of rotation with varying rotation distance from the
origin, or with varying rotation angle related to the distance r = +/x% + y?, is partly
explained by using Figure 9.21(a), where OC = r.

A very interesting rotation scheme is presented in Figure 9.21(b). There is only
one parameter b = 1.195. The radius r follows an inverse square law:

1
= — A
T+l (rn — b)2 (9 7)

Chaotic behaviour appears when the parameter b varies. A small change in b leads
to the onset of chaos. For b = 1.204, the bifurcation has already started to divide the
outer ring in two rings (Figure 9.21(c)). The bifurcation process leads to chaos when
higher values for b are selected.

In Figure 9.21(d), there appear the distinct circles. By giving to the chaotic
parameter b the value 1.255, the particles are distributed in a particular chaotic
way. There are cyclical regions with higher or lower densities, as presented in Fig-
ure 9.21(e).

Figure 9.21(f) presents the bifurcation diagram (b, r) for the model (9.17). The
parameter b varies between 0 < b < 2.2. The model gives two values for r in the
region of 0 < b < 0.629---. At 0.629 -, as b increases, a second bifurcation starts,
leading to a chaotic region. At the end of this region, three values for r appear,
making up a new chaotic region, then four values, and so on until a totally chaotic
region at 1.88 - - -.
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@ ras1 =b— g4
Tral

(b) 7t :b_r%

(©) rn+1 :b_raj
n

FIGURE 9.20: Bifurcation diagrams
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(a) The geometry of circular chaotic forms (b) A circular form
(c) The first bifurcation stage (b = 1.204) db=121
(e) b=1.255 (f) Bifurcation diagram for the model (9.17)

FIGURE 9.21: Circular chaotic forms
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9.8 Further Analysis

Consider a rotation-translation case expressed by the relations

Xprl = A+ Xy c?s 6, — y,sin 6, ©.18)
Yp+l = X, sin 6, + y,, cos 6,

or in the equivalent form
Zn+1 =a+ Znelgn

where z,, = x,, + iy,,.

This map is symmetric with the line x = a/2 as the axis of symmetry. This is easily
demonstrated if we consider the fixed points, i.e. solutions of the form z,+; =z, = z.
In other words, when (x,+1, Yn+1) = (Xu,yn) = (x,y). Now the following relation
holds:

|z —al =zl
or
()c—a)2+y2 =)c2+y2
and, finally,
a
xX==
2
whereas for y
a
= —cot =
)

FIGURE 9.22: Geometric analogue of rotation-translation (6 = 2)

A geometric analogue of this rotation-translation case is illustrated in Figure 9.22
where the translation parameter is a = 2, the rotation angle is § = 2 and the initial
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values are (x,y) = (0.9,0.2). Figure 9.23(a) illustrates the same case, but now the
rotation angle is § = &. In this case the point (x,y) = (a/2,0) indicated by two
concentric small circles is the equilibrium point. An equilibrium point located at

(x,y) = (a/2,a/2) is presented in Figure 9.23(b) where the value of the rotation
angle is 0 = /2.

@b=nr (b) 8 =n/2

FIGURE 9.23: Geometric analogues of rotation-translation

The Jacobian determinant for the rotation-translation case above is

00, 00,
J=1+ n o — n_:l+ w0y — YnOx
~ oy Y 0x %y Y
where

00,

0, =
ox

0 = 06,

y = 8!/

Analogously, the Jacobian determinant for the reflection case is of the form
J=-1+x0, — yb,
Clearly, the Jacobian for the rotation-translation case is J = 1 when:
Xnby = YnOx

This is the area-preserving case resulting when the rotation angle is expressed by any
function of the form

0, :f(xi+yﬁ) =f(r3)
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or by functions of the radius r,, = /2 + 42
Another issue is to explore relations regarding the argument z,,,, = z, or:
(Xn+2, Yn+2) = (Xns Yn)
By applying the rotation-translation equation above and the last relation yields:
Xnsl T Xp = a

Clearly, when x,, = a/2 then from the last relation x,,; = a/2. Both points coincide
as the relations (x,+1 = a/2,y,+1) and (x,, = a/2,y,) imply that y,,.; = y,,. The more
general case z,., = 2, yields a relation of the form:

a
Xnem—1 * Xpem—2 + -+ Xy = mi

9.8.1 The space contraction rotation-translation case
This case is expressed by the well-known function
Zn+1 =a+ bzneign

where 0 < b < 1 is the space contraction parameter. The Jacobian determinant of the
space contraction rotation-translation case is:

J = b1+ x,6, — ynb)
The same limit argument
(-anrl’ynJrl) = (xm yn) = (.X, y)

will give the relation
(x—ay +y’ =07 +y°)

( a )2 L2 ab \’
X— — =——>
-2) 7Y T \1-w
This is the equation of a circle with radius R = 1‘_”; centred at (x,y) = (lfb2 , 0).
The resulting relations for x and y are:

or, after some algebra:

_a(l —bcosb)
¥ T 2bcost
_ absin 6
Y= 1412 _2bcoso
The equation for cos 6 is:
1 , a
cosf = %(1 +b _r_2)

When the angle 6 is a function of r, the last equation provides the values of 6 for
which z,41 = z,.



Questions and Exercises

10.

. Show that plane isometries preserve collinearity: Let A, B, C be three distinct

collinear points. Then use the fact that the distances between TA, T B, TC must
be the same as those between A, B, C respectively to show that TA, TB, TC
must also be collinear, and in fact appear in the same order (possibly reversed).

Verify the properties of rotations and reflections given in (9.6).
What circles are left invariant by each of the different isometries?

Change the system (9.8) by adding a translation parameter a; to the second
equation, while retaining the translation parameter a in the first equation. Find
the axis of symmetry for this new system.

Change the system (9.8) by adding a translation parameter —a to the second
equation, while retaining the translation parameter a in the first equation. Find
the axis of symmetry for this new system.

In the system from the previous question, use relation (9.12) to find a chaotic
attractor of the Ikeda type. You will likely have to use several values for the
parameters.

Repeat the previous question, but now using reflection equations.

. Find the fixed points of the relation:

_
(V,, - b)2

nyl =

What is the smallest value of b for which there are three fixed points? How
does the system behave when there is only one fixed point?

Draw chaotic simulations for the circular system described by:

1
T, = ————
n+l (V” — b)2
Repeat the same analysis as in the two previous questions, but now using the
relations

a

rn+1:b__2
n

203
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and

a
Tn+l =b__4
Tn

respectively. Try several values for the parameter a, and explore if there is a
relation between a and b related to the chaotic behaviour of the system.



Chapter 10

Chaotic Advection

10.1 The Sink Problem

Questions related to chaotic advection go back to the nineteenth century and the
development of hydrodynamics, especially the introduction of the Navier-Stokes
equations (Claude Navier, 1821 and George Stokes, 1845). The vortex flow case
and the related forms including vortex-lines and filaments, vortex rings, vortex pairs
and vortex systems can be found in the classical book by Horace Lamb, first edited
in 1879 (Lamb, 1879). However, the formulation of a theory that partially explains
the vortex problem and gives results that coincide with the real life situations has
only been achieved in recent years, thanks to progress in computer simulations. The
introduction of terms like chaotic advection and the blinking vortex system appeared
only in last decades, in order to define and analyse specific vortex flow cases.

In most cases, the formulation and solution of the problem followed the differ-
ential equations approach, mostly directed towards the solution of a Navier-Stokes
boundary value problem. Few interesting cases are based on difference equations
analogues. However, the formulation and analysis of vortex flow problems by means
of difference equations can be very useful for several cases if a systematic study is ap-
plied. In this chapter we follow the difference equations methodology by introducing
rotation-translation difference equations and a non-linear rotating angle, along with
a space contraction parameter, in order to study chaotic advection problems. The
interconnections between the difference and the differential equations case is also
studied in specific cases.!

10.1.1 Central sink

Consider a circular bath with a sink in the centre at (x, y) = (0,0). The water inside
the bath is rotating counterclockwise. A coloured fluid is injected in the periphery
of the bath. The question we propose to address is to determine the shape of the
fluid filaments if the sink is open. Geometrically the problem is that of rotation with
contraction by a parameter b < 1. The rotation-translation model (9.10) is applied,

IThe first three sections of this chapter have previously appeared in Skiadas (2007).

205
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with the translation parameter a being zero. The equations of flow would then be:

Xip1 = b(x; cOS ¢y — y; sin ;)

. (10.1)
Y1 = b(x; sin@; + y; cos ¢;)

The contraction in the radial direction (r = /x2 + y2) is found from system (10.1):

Trel =bw[x,2+yt2 = br; (10.2)

The rotation angle is assumed to follow a function of the form

¢,:c+£2. (10.3)

r

The space contraction is given by estimating the Jacobian of the flow J = b*>. When
b < 1, a particle is moving from the periphery of the bath to the sink in the centre
of coordinates following spirals, as illustrated in Figure 10.1(a). The parameters are
b =0.85, ¢ =0,d = 0.4, and the initial point is (xo, yo) = (1, 0).

When the same case is simulated for particles entering from the periphery of the
rotating system at time ¢t = 0, 1,2, ..., Figure 10.1(b) results. The spiral forms start
from the periphery and are directed towards the central sink. It is also interesting
that full concentric circles appear while the spiraling flow continues. These circles
have a smaller diameter, or even disappear completely, when the rotation parameter
d gets smaller. The parameter b also influences the spiral. Figure 10.1(c) illustrates
an advection case when b = 0.95, c = 0 and d = 0.01.

(a) Spiral particle paths (b) Spiral forms directed (c) Spiral formation to-
to the sink ward a central sink

FIGURE 10.1: Spiral forms
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10.1.2 The contraction process

From the rotation-contraction equations (10.1) and (10.2), it follows that the radial
contraction is:
Ari=ry1—r,=bri—r,=—(1-Db)r,
The differential equation for the contraction process is found by observing that:

dr Ar Fiel — Tt
A - Sl I
SN T ur o s A

The resulting differential equation expressing the radial speed
i=—=(1-=b)r

is solved to give
~(1-b)t

r=rpe
where ry is the initial radius.
The movement is then totally determined, as the equation for the rotation angle has
been given earlier. The paths form spirals towards the centre. When the movement
covers a full circle, the new radius will be:

—(1-p) =
r=roe 0%

10.2 Non-Central Sink

In the following case, a circular bath with a non-central sink is examined. The
sink is located at (x, y) = (a,0). The equations of flow are:

X1 = b((x; — a) cos ¢, — y, sin ¢,)

Yrr1 = b((x; — a) sin ¢; + y; cos ¢;) (10.4)

The rotation angle is assumed to follow an equation of the form

o=c+—
7

where r, = /(x; — @) + y?. The fixed points for this map are given by the equation
2 =2 ((x—a) + 2
X +y = ((x a)y +y )

or, after transformation:



208 Chaotic Modelling and Simulation

This is the equation of a circle with radius R = 1?’;2 centred at (x,y) = (1“_}’;2 , O) .

The flow is not symmetric. The coloured fluid starting from the outer periphery of
the bath approaches the sink in few time periods, as illustrated in Figure 10.2(a). The
parameters are a = 0.15, b = 0.85, ¢ = 0 and d = 0.1. To simplify the process, it is
assumed that the coloured fluid is introduced simultaneously in the periphery of the
bath. Then, the circular form of the original coloured line is gradually transformed
into a chaotic attractor located at the sink’s centre (x,y) = (a,0). The attractor is
quite stable in terms of form and location.

The attractor appears even if the coloured particles are introduced into a small
region of the bath, as presented in Figure 10.2(b). The coloured particles are intro-
duced in a square region (0.1 x 0.1) at the right end of the bath at (x, y) = (1,0). The
parameters are a = 0.15, b = 0.85, ¢ = 0 and d = 0.8. As the vortex parameter d is
higher than in the previous case, the chaotic attractor appears at the 6th time step of
the process. The attractor is also larger than in the previous case.

(@) (b)

FIGURE 10.2: Chaotic attractors in a non-central sink

10.3 Two Symmetric Sinks
10.3.1 Aref’s blinking vortex system

Chaotic mixing in open flows is usually modeled by using the blinking vortex-sink
system, invented by Aref (see Aref, 1983, 1984; Aref and Balachandar, 1986). Aref’s
system models the out-flow from a large bath tub with two sinks that are opened in
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an alternating manner, in order for chaotic mixing to take place in the course of the
process. To model the velocity field caused by a sink, we assume the superposition
of the potential flows of a point sink and a point vortex. If z = x + iy is the complex
coordinate in the plane of flow, the complex potential for a sinking vortex point is

w(z) = —(Q +iK)In|z — z4|

where z; = (xa,0), 27 Q is the sink strength and 27K the vortex strength. The imag-
inary part of w(z) is the stream function:

Y =-Klnr- Q¢
The streamlines are logarithmic spirals defined by the function:
¢ =—(K/Q)Inr + const

The differential equations of motion in polar coordinates are

0
,
. K (10.5)
V¢ = 7
and their solutions are:
r= 1/ré - 20t
K 7 (10.6)
¢ =¢o - 0 In o

The flow is fully characterised by the adimensional sink strength n and the ratio of
vortex to sink strength &, given by:

=, &== (10.7)

The parameter 7T is the flow period, usually set to 1, and a is the distance of each sink
from the centre of coordinates. As indicated in the literature (Karolyi and Tél, 1997;
Karolyi et al., 2002), chaotic flow appears for parameter values > 0.5 and & = 10.
More precisely, when particles are injected into the flow in few time periods, they
are attracted to a specific region (the attractor) of the flow system. In recent years,
several studies have appeared investigating this phenomenon both theoretically and
experimentally. The theoretical studies also include simulations using large grids
(1000 % 1000), as well as numerical solutions of the general equations of flow. These
studies suggest that the attractors are time periodic according to the time periodicity
of the flow. However, if only one sink is used, a stable attractor could be present,
both theoretically and experimentally, as the simulations presented above show.

We apply Aref’s blinking vortex system first of all to a rotating fluid. We select a
counterclockwise rotation. The symmetric sinks are located at (x,y) = (—a,0) and
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FIGURE 10.3: The two symmetric sinks model

(x,y) = (a,0) and the time period is T = 1. According to this system, the flow is
not stationary and there are jumps in the velocity field at each half period 7/2. In
other words, a particle located at (—a, 0) appears at (a, 0) in the next time period, as
illustrated in Figure 10.3.

We propose to analyse a discrete time system, like Aref’s system, by using the the-
ory of difference equations and discrete systems. It is more straightforward to con-
sider the geometry of this system. The model we search must be a rotation-translation
one with a contraction parameter b < 1 expressing the gradual shortening of the ra-
dius r that causes the particles to follow logarithmic spiral trajectories around the
sinking vortices. In accordance with the theory just discussed, a rotation-translation
model of this type is expressed by the difference equation:

Zs1 = a+b(z, — z5)e” (10.8)
Equation (10.8) can be written as
X1 + Y1 = a + b((x, + @) + iy;)(cos ¢; + i sin ¢;) (10.9)

The system of iterative difference relations for x and y is obtained by equating the
real and imaginary parts of (10.9):

X1 = a+ b(x; + a) cos ¢, — by, sin ¢,

. (10.10)
Y1 = b(xt + Cl) Sln¢l + byt Cos ¢t

If a particle is located at (xo,y9) = (—a,0), then after time # = 1 it will be located
at (x1,y1) = (a,0). We next need to specify the form of the angle ¢;. We will use the
form:

¢,=¢O+§:c+% (10.11)
r r
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where ¢ = ¢ = m is chosen to account for the half-cycle rotation, d = 7é¢ is the
vortex strength, and r = r; is the distance from the vortex (—a, 0), namely:

r=4/(x+a)?+y?

For the experiments presented in the literature, n = 0.5, £ = 10 and thus d = 5.
However, the chaotic region is wider, as illustrated in the following figures.

FIGURE 10.4: Chaotic attractor in the two-sink problem

The chaotic attractor in Figure 10.4 illustrates the two-sink case for parameter
valuesa = 1, b = 0.8, ¢ = m and d = 3. There are two main vortex forms
counterbalancing each other. The first form is located at the right-hand-side sink at
(x,y) = (a,0). The second vortex form is centred at (x, y) = (a+2ab cos ¢, 2ab sin ¢),
where ¢ = d/(4a*). The two main vortex forms can be separated when the parameter
d expressing the vortex strength is relatively small. Such a case is presented in Fig-
ure 10.5. The parameter d here is set to 1, while the other parameters remain the
same as in the previous example. The attractor is now completely separated into two
chaotic vortex forms (attractors).

Another possibility is to give high values to the parameter d expressing the vortex
strength. The value d = 27 leads to a more complicated vortex form, as presented
in Figure 10.6. There are three equilibrium points, for times # = 1,2, 3. The first of
these points is the centre of the right-hand-side sink.

One can also find the form of the vortices in the case of three sinks located in an
equilateral triangle. The simulation of this situation is achieved by selecting a value
c= 23—” for the sink strength. The other parameters are b = 0.95,d = mand a = 5.
Figure 10.7(a) illustrates this case.

A form with four vortices is presented in Figure 10.7(b). This is achieved by as-
suming a special value, ¢ = 24—”, for the parameter c, thus dividing the total circle in
four sectors. The positions of the four sinks are located on the corners of a square.
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FIGURE 10.5: Two distinct vortex forms (d = 1)

FIGURE 10.6: The chaotic attractor with strong vortex strength parameter
d=2n
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The parameters selected for the simulation are » = 0.98, d = 7w and a = 5. Simi-

larly, a fifth order vortex form results when ¢ = 2?" and the other parameters remain
unchanged (Figure 10.7(c)).

(a) Third order (b) Fourth order (c) Fifth order

FIGURE 10.7: Vortex forms

10.4 Chaotic Forms without Space Contraction

Chaotic forms similar to those produced earlier in this chapter, but without any
space contraction, i.e. when b = 1, resulting in a Jacobian of J = 1, are of particular
interest. As there is no radial or space contraction, the flow could be chaotic, but the
resulting chaotic attractors are not classified as main vortex forms.

Figure 10.8(a) illustrates the case wherea = 1,b = 1, ¢ = mand d = 1. The chaotic
form is symmetric. The axis y = 0 is the symmetry axis. A division of the main
chaotic form is starting. As the vortex strength parameter d is decreasing (d = 0.4 for
Figure 10.8(b) and d = 0.3 for Figure 10.8(c)) two distinct symmetric chaotic forms
arise. Figure 10.8(d) gives an enlargement of the right-hand-side chaotic attractor
produced when d = 0.3. Interesting chaotic details are present in this attractor.

10.5 Other Chaotic Forms

In the following simulation, we use the classical rotation-translation model with a
rotation angle expressed by an inverse function of the square of the radius r:
d

6,=c+—0
xi+y;
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We examine the effect of varying the rotation parameter ¢ while keeping the other
parameters fixed. The space contracting parameter b takes a value close to 1 (b =
0.99), which could express low speeds directed towards the sink. When a = 10,
d = 10 and ¢ = 1, six rotating vortex-like spiral objects appear (Figure 10.9(a)).

(a) One chaotic image (d = 1) (b) Starting division into two images (d = 0.4)

(c) Division into two images (d = 0.3) (d) Enlargement of the previous right-hand-
side attractor

FIGURE 10.8: Chaotic forms without space contraction

When ¢ = 2, with the other parameters unchanged, three objects appear, as il-
lustrated in Figure 10.9(b). These chaotic forms illustrate two-armed spiral galaxies
located at

(x,y) = (0,0), (x,y) = (a,0) and (x,y) = (a + bacos (8,) , basin (6,))

where:

0,=c+ —
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(a) Sixth order (b) Third order

(c) Second order (d) Fifth order

FIGURE 10.9: Higher order vortices
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For ¢ = 3, the chaotic form of the attractor is two one-armed spirals, illustrated in
Figure 10.9(c). The chaotic attractors are located at (x,y) = (0,0) and (x,y) = (a,0).
Five chaotic attractors appear when ¢ = 5 (Figure 10.9(d)).

When c takes smaller values, for instance ¢ = 0.5, multi-armed spirals are present,
as seen in Figure 10.10(a). The original rotating disk has radius R = 1. When R = 2,
Figure 10.10(b) appears. The number of spirals remains the same, but more details
are present in Figure 10.10(c). The original rotating disk has radius R = 3.

(@R=1 b)R=2 (©)R=3

FIGURE 10.10: Spiralling towards the sink

10.6 Complex Sinusoidal Rotation Angle

Very interesting chaotic attractors arise by assuming that the rotation angle of the
rotation-translation model is a complex sinusoidal function. For the first application,
the following function for the rotation angle is considered:

1

0, = J
sin (c - —ngﬂ,g)

The parameters are settoa = 1, b = 0.83, ¢ = 0.4 and d = 6. Figure 10.11
illustrates the resulting chaotic attractor. The image shows a circular ring along with
an internal vortex form and an external part consisting of three main vortex forms
and a smaller fourth one.

A change in the function for the rotation angle results in the interesting chaotic
rotation image presented in Figure 10.12(a). The parameters remain the same as in
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FIGURE 10.11: A sinusoidal rotation angle chaotic attractor (¢ = 0.4,d = 6)
the preceding example, while the rotation angle function now is:

. A
6, =sin|¢c — —— =sin|c— —
\I)C%-i-y% I'n

The resulting image has a circular ring with two main vortex forms, and a smaller
one in the outside region, as well as vortex forms inside, interconnected with a central
rotating part.

(@) 6, = 1/sin(c —d/ry) (b)d =16

FIGURE 10.12: Sinusoidal rotation angle chaotic attractors
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A relatively simpler function for the rotation angle, with only one parameter, is:

[7) i d B
=sin| ———
" 1+x2+y2

However, the resulting chaotic image in Figure 10.12(b) is also quite complicated.
As before, there is a circular ring and three connected vortex forms outside of the
ring, while several vortex forms rotate clockwise and counterclockwise inside the
ring. The parameters are a = 1.2, b = 0.85 and d = 16.

(a) 6 = 1/sin(dr?), b =0.7 (b) 0 =1/sin(dr?), a = 0.85,b = 0.8

FIGURE 10.13: Sinusoidal rotation angle chaotic attractors

A completely different image results by introducing another function for the rota-
tion angle:

1 1
~ sin(d (2 +y2)) ~ sin(dr?)

The same rotation-translation case with parameters a = 1.2, 5 = 0.85 and d = 16
provides also a circular ring image (Figure 10.13(a)) with surrounding vortex forms,
but in this case the outside ring vortex forms are small, whereas the inside part is
larger, including a central circular bulge and vortex forms rotating clockwise and
counterclockwise.

The standard rotation-translation model is also applied with parameters a = 1.1,
b =0.8and d = 16 (Figure 10.13(b)). A large number of concentric rings appear.



Chaotic Advection 219

10.7 A Special Rotation-Translation Model

A special rotation-translation model is given by the following set of relations

2 _ .2
Xnel| Z pot 0, b(xn yn) L@
Yn+1 XnYn 0
_|a+b(n- yﬁ) cos 0, — 2bx,y, sin 6,
T b(x2 - y2)sing, + 2bx,y, cos b,
where the rotation angle is given by the relation
d
0,=—
I'n

This map deserves special attention, as the Jacobian is J = 4b*r2. When r =
1/(2b), the map is area preserving, whereas when r < 1/(2b) a space contraction
takes place. For r > 1/(2b) area expansion takes place. The parameter values se-
lected for the application are a = 0.8 for the translation parameter, b = 0.6 for the
area contraction parameter and d = 5 for the rotation parameter. Figure 10.14(a)
illustrates the simulation results. There is a rotation centre and vortex-like forms.

10.8 Other Rotation-Translation Models
10.8.1 Elliptic rotation-translation

The following system of two difference equations provides elliptic forms when the
ellipticity parameter /4 is not 1.

Xp+l = a4+ b( Xp COS 0}1 - hyn sin gn)
| (10.12)
Yn+1 = b (zxn sin gn + YnCOs gn)

This system results is an analogue of the classical rotation-translation system,
where the the rotation takes place on ellipses where the ratio of the one side to the
other is h. They arise from the rotation-translation equations, after a rescaling on the
x direction by A. To see this, denote by (%,, j,) the new coordinates. Then %, = hx,,
and 7, = y,, hence we have:

Xne1 = Xy
hx, cos(0) — hy, sin(6)
= X, cos(0) — hy, sin(0)
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(a) A special map (b) An elliptic map

FIGURE 10.14: Chaotic images of rotation-translation maps

and

gn+1 = Yn+1

X, sin(6) + y,, sin(6)

1
= E)_C" cos(6) — i, sin(6)

Adding the translation and contraction parameters results in (10.12). This case is
illustrated in Figure 10.14(b), where the rotation angle has the form 6 = dr?, and
the parameters are a = 0.5, b = 0.9, d = 3 and 2 = 0.8. The elliptic rotation
equations give a somewhat deformed image, compared to the previous circular type
cases presented in this chapter.

10.8.2 Rotation-translation with special rotation angle

This case is modelled by using the classical rotation-translation model with space
contraction, but now the rotation angle obeys the function

6,=c+

72

n €

where, for our example, e = 4.5 and the other parameters area = 3,5 = 0.9, c = 1.52
and d = 1.014. A space contraction parameter e is inserted in the function expressing
the rotation angle. The resulting image is illustrated in Figure 10.15(a). This image,
and the ones following it, are of particular interest when studying chaotic advection
cases.

The main part of the image is a circular ring centred at (x, y) = (a, 0). Three vortex
forms appear outside the circular ring and two smaller vortex forms appear inside the
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ring. All the vortex forms originate from the periphery of the circular ring. Smaller
vortex forms appear inside every main vortex form. In the same figure, the two axes
of coordinates and the part of the circle expressing the space curvature due to the
space contraction parameter b and the translation parameter a are illustrated. This
circle is of radius R = 425 centred at (x, y) = (L 0).

-7 [

As the parameter ¢ changes, the resulting image shows the same circular ring
located at the same centre and having similar magnitude, but changes appear in the
vortex forms. Figure 10.15(b) illustrates the case where ¢ = 4.3 and d = 1, whereas
the other parameters remain unchanged. The two vortex forms inside the circular
ring take up more space, while the outer vortex forms create a main vortex image
with vortex forms inside.

Figure 10.15(c) has the same parameters as the previous case, except for ¢ = 8.5.
There are now two outer vortex forms. However the image is similar to that of
Figure 10.15(a). Figure 10.15(d) is similar, but now with ¢ = 17.

(a)c=152,d=1014 (b)yc=43,d=1

(c)c=85 dc=17

FIGURE 10.15: Chaotic images with area contraction rotation angles
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Questions and Exercises

1.
2.

Find a symmetry axis for the system (10.10).

Consider the system (10.10). Add a translation parameter “k” at the second
equation, and find a symmetry axis for this new system. Use the rotation angle
¢: = ¢ +d/r?, and draw chaotic images when ¢ = 7/2 and d is varying.

. Chaotic advection is closely related to chaotic mixing. Discuss the mixing of

fluids when the chaotic region is reached. What is the disadvantage with the
presence of chaos in mixing? How can we avoid chaotic phenomena in fluid
mixing?

Change the rotation equations (10.1) to their reflection analogues, and find the
resulting chaotic and non-chaotic forms for various values of the parameters
b, c and d.

Change the rotation equations (10.10) to their reflection analogues, and find the
resulting chaotic and non-chaotic forms for various values of the parameters
b, cand d.



Chapter 11

Chaos in Galaxies and Related
Simulations

11.1 Introduction

A large variety of chaotic forms appears in stellar observations. These forms ex-
hibit astonishingly large varieties of shapes. At first glance, there is not a simple
method to handle and organise the entire material of stellar observations based on a
few rules. The related cosmology theories for star and galaxy creation and formation
are of considerable interest. Related laws help us describe the evolution of stellar
shape over time.

Already from the earliest observations, it was evident that chaos was the main
characteristic of the shape and form of many stellar formations, including galaxies
and chaotic nebulae. A great number of stellar formations develop under high tem-
peratures, the so-called ‘fire’ that the ancient Greek philosopher, Heracleitos of Eph-
esus (Heraclitus), had emphasised as the basis of genesis. All these “fire” formations
are mainly chaotic forms.

A fundamental problem in non-linear dynamics is that of exploring how the prop-
erties of orbits change and evolve as one or more parameters of a dynamical system
change, in order that the system exhibit chaotic behaviour. Recent advances in non-
linear physics have resulted from such an approach. The transition to chaos and the
routes to chaos are extensively explored in the case of one-dimensional maps and,
mainly, for the logistic map. Of considerable interest however are also the chaotic
dynamics of two-dimensional maps, such as the cat-map and the Hénon map.

Another very important transition, related to physics, is one in which the system
is in a chaotic state and, as parameters change, the system transitions from one type
of chaos to another. Of particular interest is the case where the chaotic attractors that
correspond to a system change as a parameter gradually takes higher or lower values.
Many stellar and galactic systems may fit to chaotic attractor phenomena. Chaotic at-
tractors in two-dimensional and three-dimensional space are quite stable objects and
can be useful in exploring and simulating the forms of galaxies, clusters of galaxies,
nebulae, black holes and other stellar objects. There are several approaches regard-
ing the handling of chaotic situations occurring under the influence of a central force
as in the case of stellar systems. An approach is to consider a system of masses
moving in different orbits under gravity. Early studies of the subject have been
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undertaken by Contopoulos and Bozis (1964); Lynden-Bell (1969); Toomre (1963,
1964); Hunter and Toomre (1969); Contopoulos et al. (1973). A detailed approach
of chaotic dynamics in astronomy can be found in Contopoulos (2002). Ostriker and
Peebles (1973) explore the stability of flattened galaxies while Raha et al. (1991)
study the dynamical instability of bars in disk galaxies. The box and peanut shapes
generated by stellar bars are discussed in Combes et al. (1990). Extensive work on
how one can separate chaotic from ordered domains is found in the works of Con-
topoulos and Voglis (Patsis et al., 1997). Objects of very complicated morphology
are found and simulated in X-ray clusters (Navarro et al., 1995). The discovery of
new ultra-luminous IRAS galaxies give rise to new studies on how galactic systems
interact.

A number of works regarding chaos and chaotic attractors and the interaction with
chaotic dynamics in astronomy are of interest. Most notable among them are the
work of White et al. (1998) on the anomalous transport near threshold of the stan-
dard map and the approach by Arrowsmith and Place (1990); Acheson (1997) in
their books on dynamical systems and calculus and chaos. Hénon and Heiles (1964)
developed a Hamiltonian system which developed into a prototype for computer ex-
periments of chaotic dynamics in astronomy. Of considerable interest is also the
area-preserving quadratic map developed by Hénon (1969). Period doubling bifur-
cations of this map appear in recent studies (Murakami et al., 2002).

It is very complicated to express chaos analytically, namely so that every stage is
explained and defined in a deterministic way. However, the forms resulting from bil-
lions of chaotic intermediate steps are frequently of considerable ‘attracting’ shape.
These attractors are in many cases reproduced in the laboratory by using very simple
rules.

Following the studies on chaos in the last decades, it is evident very few main char-
acteristics or parameters of the chaotic system play a critical role in the formation
of attractors. In stellar systems the main characteristics are: 1) gravity, the attract-
ing force between bodies (masses), and 2) the first Big-Bang. Geometrically, stellar
systems move, grow or decline by: a) rotating and b) translating (following linear
movements). According to the established theories, expansion of the universe (trans-
lation) follows the original Big-Bang, whereas gravity, the attracting force, causes
translation in the opposite direction. Attracting forces in different directions cause
rotations and translations in stellar formations.

In chaotic dynamics, the main effort is usually centred on the formulation of rela-
tively simple models with only a few chaotic parameters. If the main characteristics
of the phenomenon are included in the final model, the chaotic character of many
phenomena in nature could be well expressed. Chaotic formations in galaxies could
appear when rotations, reflections and translations (axial movements) are present
along with the influence of gravitational forces that play an important role. In this
chapter, simple iterative models are presented. They are the simplest possible mod-
els, including rotation, reflection, translation and the influence of gravitational forces
on the angle of rotation. These models present interesting aspects that are studied an-
alytically and are presented in several graphs following the simulation. Several spiral
forms of various formations can be modelled by changing the parameters of the mod-
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els. The study of galactic forms by using differential equations and Hamiltonians is
presented in Chapter 12.

11.2 Chaos in the Solar System

Complicated and even chaotic orbits and paths of the solar system are studied and
simulated in related chapters of this book. The bodies in the solar system mainly
follow cyclic or elliptic orbits around a centre of mass. In this case, the simulation
can follow a purely geometric approach. To simplify the problem, the centre of mass
is located in the centre of the large mass. The attracting force is, of course, gravity,
and it is presented by an inverse square law for the distance. The non-dimensional
equations of motion for a body with small mass m rotating around a large body
with mass M, which we consider to stay in equilibrium position, are, in Cartesian

coordinates:
X

N 3/2
(2 +y2)*

Y

- 3/2
(2 +y2)"

(11.1)

The initial conditions are x = 1,y = 0,% = 0 and § = v. The escape velocity is
y = \/E, and the circular orbit is obtained when v = 1. The circular orbit is illustrated
in Figure 11.1(a). In the same figure an elliptic orbit is presented, where the initial
velocity is I < v = 1.2 < V2. A hyperbolic orbit is also presented. The initial
velocity is higher than the escape limit (v = 1.45 > V2) and the particle flies off to
infinity. Figure 11.1(b) illustrates a large number of elliptic paths for the same value
of the initial velocity as before. The paths remain in the same plane, but deviate from
the original position, forming the shape presented in the figure.

The motions of two attracting point masses are relatively simple. The equations
of motion for the point mass m; in Cartesian coordinates are:

. (x1 = Xz)m2
X1 = - 2 2)3/2

((x1 = x2)* + (1 — y2)?) (11.2)
i = (Y1 —y2)m, -

_((xl — 22+ (1 -y

The case for the point mass m, is analogous.

Without loss of generality, the gravity constant is G = 1 and the total mass of the
rotating system is M = m; + my. If we give the two masses initial positions (xi, y;)
and (x», y2), and initial velocities X1, i1, X, and g,, the masses revolve around each
another while drifting together, as a pair, in space. Their centre of mass drifts at
a constant velocity. Relative to an observer moving with the centre of mass, their
orbits are ellipses and, in special cases, circles.
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(a) Circular and elliptic orbits (b) Elliptic paths

FIGURE 11.1: Elliptic orbits

The motion of two attracting points in space is presented in Figure 11.2(a). The
heavy line represents the movement of the centre of mass. The masses revolve around
and drift together. The points have masses m; = 0.4, my = 0.6, and initial velocities
X1 = —0.15, %, = 0, §; = —0.45 and i, = 0.25. The same motion, viewed relative
to the centre of mass, is illustrated in Figure 11.2(b). Each point-mass follows an
elliptic path.

(a) Attracting bodies in space (b) Relative movement

FIGURE 11.2: Attracting bodies in space and relative movement

The three-body problem reduced in the plane still gives very complicated and
chaotic orbits. To simplify the problem, we assume that the third body, a satellite,
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is of negligible mass related to the other two bodies. The other two, the planets
(primaries), travel about the centre of the combined mass in circular orbits in the
same plane. The satellite rotates in the same plane. The total mass of the planets is
my + my = 1. The equations of motion for the satellite are

_mi(x—xp)  mp(x —xp)

r3/2 r3/2
1 2
11.3
__my—y) my-y) (13
P R

where (x, y) is the position of the satellite, ry, r, are the distances of the satellite from
the two planets m, m; respectively, and (x1,y;) and (x;, y,) are the positions of the
planets at the same time .

In the following example, the primaries have masses m; = 0.9 and m, = 0.1, and
the position and initial velocity of the satellite are (—1.033,0) and (0, 0.35) respec-
tively. The complicated and chaotic paths that arise are illustrated in the following
figures. In Figure 11.3(a), the movement is viewed from the outside of the system,
from “space.” It shows that the satellite can move between the two revolving pri-
maries. Figure 11.3(b) illustrates the orbit of the satellite viewed in a coordinate
system that rotates with the revolution of the planets (rotating frame), with the x-axis
always passing through the planets, according to the rotation formula:

Xnew Xxcost+ysint

(11.4)

Ynew = —XSINnt + ycost

(a) Motion in space (b) Rotating frame

FIGURE 11.3: Motions in space

By using difference equations to model solar systems, it is possible to simulate
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chaotic patterns like, for instance, the rings of Saturn and of other planets. The
simplest approach is to use an equation such as the logistic, and to assume that the
system rotates following elliptic orbits. Two realisations appear in the next figures.
The parameter of the logistic model is b = 3.6 for Figure 11.4(a) and b = 3.68 for
Figure 11.4(b). The rotation formula is given by:

X, = 2r,cost

11.5
Y, = 2r,sint ( )

where 1. = br(1 —ry).

(a)b=3.6 (b) b =3.68

FIGURE 11.4: Ring systems

11.3 Galaxy Models and Modelling

Studies on chaotic dynamics in galaxies and in other complicated stellar objects
indicate that order and chaos coexist in these structures. It is also quite difficult to
simulate complicated stellar objects, especially in the limits where chaos is present.
Experience on chaotic simulations during the last decades indicates that the simpler
the chaotic model, the more successful it is. Remarkable solutions of the flow equa-
tions were provided by Lorenz (1963). He transformed a high-dimensional system
into a three-dimensional one, retaining the chaotic character of the system. Rossler
(1976d) proposed the simplest model of three-dimensional flow. Since, even nowa-
days, the subject of chaos in astronomy has many unexplored aspects, a convenient
way of dealing with the problem is to explore the qualitative and quantitative aspects
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by considering simple chaotic models, in which only the main characteristics of the
system under consideration are retained. Such characteristics in galaxies and galactic
formations are of course: 1) rotation-reflection, 2) translation, and 3) area contrac-
tion due to gravitation (expressed by a parameter b < 1). Rotation is connected with
the theory of a central force by assuming that the rotation angle obeys a function of
the distance r from the origin. Translation is assumed to take place when a strong
gravitation source is located in a large distance from the origin or, even, when gravity
waves are present. To simplify the problem, only the two-dimensional approach in
the (x, y) plane is presented here.

A convenient formulation of the iterative map expressing rotation-reflection and
translation is given by the following difference equation:

fn+l =a-+ bfneig
where:

Jn = Xn + iy, (for rotation)

Jn = Xn = iyn (for reflection)

For rotation, the determinant of this map is detJ = b? = A A,. This is an area
contracting map if the Jacobian J is less than 1. The eigenvalues of the Jacobian are
A1 and A,. For reflection the Jacobian gives: detJ = —b?. The translation parameter
is a in both cases.

In the cases discussed above, rotation and reflection are followed by a translation
along the x-axis. As discussed earlier, this has the advantage, over a general trans-
lation, of reducing the number of parameters by one, without affecting the results in
the majority of the cases studied.

The angle 8 is assumed to be a function of the distance r from the origin. In the
cases studied here, r = +/x% + y2, the Euclidean metric. The general forms studied
can be classified as follows: 6 = g(+™), where m = 1,2,—-1,-2,-3/2, are the most
convenient values for the exponent. By expanding the function g(+") in a Taylor
series and retaining the first terms to the right the following forms for the angle 6 for
reflection and rotation cases arise:

6, = cry,
Qn:crﬁ
d
O, =c+—
I'n
0 d
=c+—
n }"%
d
O, =c+ —=
2R

Both rotation and reflection generate chaotic attractors for appropriate values of the
parameters a, b, ¢, and d.
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A discussed in Chapter 8, a very interesting property of the map is the existence of
a disk F of radius %, centred at (a, 0) in the (x, y) plane, the points of which remain
inside of it under the map. Further, the fixed points obey the equations

( a )2+ ) a’b?
Xp— —— = —
1—02) T Ay

and, for rotation:

1 a?
0,= — 1+ - =
Cos 2D ( + l’% )

So the fixed points lie on a circle K with radius R = lf—zz, centred at (ﬁ, 0) in the

(x,y) plane.
For the first application we choose the following function for the rotation angle:

d

9,1 =cCc+ r—2

The simulation results are illustrated in Figures 11.5(a) through 11.5(f). In these

figures, the parameters of the model are b = 0.8, ¢ = 3 and d = 6. This is an example

where an area contraction takes place, equal to b? = 0.64. The other parameter, a,

varies, starting from very low values, (a = 0.01 in Figure 11.5(a)) and taking the
values a = 0.45,a = 1.6, a = 2.4, a = 4 and a = 5 in the subsequent figures.

In Figure 11.5(a), the parameter a seems to have very little effect in the devel-
opment of the phenomenon. The point masses are distributed around the centre of
coordinates and their distribution follows an inverse law. In the second case (Fig-
ure 11.5(b)), a rotating form appears. This chaotic form is restricted inside the two
circles F' and K that were discussed earlier. Higher values of a, as in Figure 11.5(d),
produce chaotic forms in which a centre of revolution appears in (a, 0), but further a
quite large rotating form appears which, when a takes higher values (Figure 11.5(c)
and Figure 11.5(e)), leads to the formation of two distinct attractors. In the case of
Figure 11.5(f), these attractors are finally separated in two forms. The centres of the
two attractors are located at (a, 0) for the attractor on the right side of Figure 11.5(f),

and at
a+acos|c+ —|,asin|c+ —
a? a?

for the attractor on the left side. An interesting property of the above simulation is
that the original single simple rotating form splits into two forms, that show the same
direction of rotation and are located at places depending on the displacement a.

More complicated chaotic forms arise for appropriate values of the parameters a,
b,cand d. Whena = ¢ =d =4 and b = 0.9, three attractors appear, one of which is
located at (a, 0). This is illustrated in Figure 11.6(a).

Another example appears in Figure 11.6(b), presenting a cluster of chaotic attrac-
tors. The first attractor, located at (a,0), is at the top of the figure. The second
attractor is the one on the right side of the figure, while the other attractors continue
in a clockwise direction until the final point, located at the circle K. The parameters
are:a=c=d=5.25and b =0.8.
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(a) Initial stage (@ = 0.01) (b) Starting rotation (a = 0.45)
(c) Middle stage (a = 1.6) (d) Second phase (a = 2.4)
(e) Two interconnected images (a = 4) (f) Two separate images (a = 5)

FIGURE 11.5: Chaotic forms of a simple rotation-translation model
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(a) Three chaotic images (b) Multiple chaotic images

FIGURE 11.6: Chaotic forms of a simple rotation-translation model

Rotating forms can also be formed by using rotation equations with a linear ex-
pression for the rotation angle:

6,=c+dr,

The translation parameter is a, and an area contracting parameter » < 1 is essential
to keep the system into a limit included within a circle F of radius % centred at
(a,0). A number of rotating point masses are equally distributed within the circle F,
and the question is how these points will be distributed after time ¢ corresponding
to n iterations. The results are summarised in Figures 11.7(a) to 11.7(d). A two-
armed spiral structure appears, located at (%, lim (y, = Y 1)), and four satellites are
located at (lim(x,), lim(y,)). Two of the satellites have their location centre at the
circumference of the circle K of radius %. The centre of this circle is at (15, 0).
In Figures 11.7(a), 11.7(b) and 11.7(c) the parameters are a = 4.25,b =0.9,¢c = 1.5
and d = 0.3. In Figure 11.7(d) the parameters are a = 2.3, b = 0.9, ¢ = 2.03 and
d = 0.3. In these cases there are attracting points and no other attractors. The point
masses are trapped in trajectories and are led to the attracting points as when a black
hole is present. The attracting points are solutions of the equations that satisfy the
special conditions set for the general rotation equation above.

Chaotic attractors and attracting points appear in an example of rotation (Fig-
ure 11.8(a)) where the rotation angle follows an inverse law regarding the distance r
from the origin:

O, =c+ d

I'n
In the first case, the translation parameter is a = 0.6 and the other parameters are
b =0.9, c =3 and d = 6. The chaotic attractor is located at (a,0) and the attracting
point is located in the periphery of the circle K. The rotating points inside the circle
F are trapped in the attractor region, or they disappear into the attracting point. The
points that oscillate inside the attracting region escape from this region only if they
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(a) Chaotic object with satellites (b) Enlargement of chaotic objects

(c) A two-armed spiral with satellites (d) A two-armed spiral galactic form

FIGURE 11.7: Chaotic forms of a simple rotation-translation model
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reach the periphery of the attractor, and then they follow the trajectory that leads to
the attracting point.

The same behaviour is seen in the next example (Figure 11.8(b)), where the para-
meters are a = 5 and ¢ = 2, while the other parameters remain unchanged. Now two
attractors appear, and each attractor is connected to the attracting point with trajec-
tories. In Figure 11.8(b), the attracting points are the points where x,,» = x, and
Yn+2 = Yn, while, in Figure 11.8(a), the attracting point is the point where x,.; = x,
and Yn+1 = Yn.

(a) Attractor and attracting point (b) Two attractors and the accompanying
attracting points

FIGURE 11.8: Attractors and attracting points in rotation-translation model

11.3.1 A special rotation-translation image

This example comes from Contopoulos and Bozis (1964). The situation exam-
ined was that of two galaxies approaching each other. Here, we apply a rotation-
translation model with space contraction. The rotation angle and the other para-
meters, except for the space contraction parameter, are the same as in Contopoulos
and Bozis (1964). The rotation angle has the form:

d 11 rP—cr+ct 1 2r—c

R e R

The parameters for the system are a = 4 for translation, and ¢ = W, d= 0%010252?3
and b = 0.9 for space contraction. The resulting shape is illustrated in Figure 11.9.
A number of particles are introduced into a small circle near the centre of coordi-
nates. The particles follow characteristic trajectories over time. The image is quite
complicated. There are several attracting points, as well as places with high and low
density.
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FIGURE 11.9: A rotation image following a Contopoulos-Bozis paper
(approaching galaxies)

11.4 Rotation-Reflection

It is interesting to explore the relationships between chaotic attractors in the pres-
ence of rotation and reflection respectively, for the same set of parameters. One
would expect that the attractors for the reflection case would be a mirror image of
the attractors for the rotation case. This can be seen in some particular cases, for in-
stance in the following, where the rotation or reflection angle is of the form 6, = dr>.
The parameters in both cases (Figure 11.10(a) illustrates rotation and Figure 11.10(b)
illustrates reflection) are, a = 2, b = 0.5 and d = 0.65. The chaotic forms of the at-
tractors verify the assumption that there is a mirror-image relationship between the
two.

The chaotic geometric modelling approach presented in this section could be use-
ful in galaxy simulations. Chaotic attractors and other forms that appear in real space
(x,y) simulations indicate that elements of any form can be trapped inside these at-
tractors. When the space contraction parameter b < 1 three cases appear, according
to the magnitude of the rotation angle 6:

1. the particles lead to attracting points where they disappear as if in a black-hole,

2. in the presence of a chaotic attractor, the particles will stay or oscillate inside
this attractor, and

3. the particles follow trajectories leading away from the rotating system if the
translation parameter is relatively high.
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(a) Rotation image (b) Reflection image

FIGURE 11.10: Comparing chaotic forms: rotation-reflection

Various chaotic geometric forms appear. Special characteristics of these forms,
such as the coordinates of the centre and the geometric interactions of these forms
between each other, can, in some cases, be estimated. Some chaotic forms form
groups or clusters in real space. Some chaotic forms are divided into other similar
forms when the parameters of the model take particular values. These chaotic forms
specify places in space that attract masses (particles) from the space around.

This kind of chaotic simulation of galaxy forms has the advantage that it needs
limited computing power, and it mainly models “space,” rather than “elements” in
that space. The explanatory ability of chaotic models is high and could be useful in
many cases.

11.5 Relativity in Rotation-Translation Systems

In rotation-translation systems, a number of particles follow circular paths, while,
at the same time, a translation movement takes place. Numerous chaotic and non-
chaotic forms arise. As we derived earlier, a two-dimensional rotation map is area
preserving if the Jacobian determinant of the map is J = 1. The question we would
like to address in this section is how the shape of the attractors changes when the
speed of the rotating system relative to another system, i.e. the relativistic speed,
influences the system parameters. In other words, how do the equations of special
relativity enter into the rotation-translation equation system? The introduction of the
relativity equations into a rotation-translation map will change the Jacobian of the
system, and can thus produce an area-contracting map. The usual obstacle in appli-
cations is that high relativistic speeds are not possible in real situations. However,
computer simulations show that even low relativistic speeds have a considerable in-
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fluence on the chaotic forms.

A simple example is presented in the following figures. Figure 11.11 illustrates the
chaotic image from the rotation-translation map without entering relativistic equa-
tions. A chaotic bulge appears.

FIGURE 11.11: A rotation-translation chaotic image

The rotation-translation chaotic bulge presented in Figure 11.11 is formed when
the space parameter is b = 1. The bulge is symmetric. The translation parameter is
a = %: The other parameters are: ¢ = 75 and d = . The equation for the rotation
angle is:

d
6, =c+ —
rn

where r, = /x2 + y2.
The relativistic-like approach to the rotation-translation equations takes into ac-
count the length contraction governed by the equations:

Y
Xrel = X - 5
C2

2

1))

—yrll- =
Yrel = Y 2

where v is the relativistic speed and c is the speed of light.
Inserting these relativistic forms into the rotation-translation equations

Xp+1 = a + b(x,, cos 26, — y,, sin 26,)

. (11.6)
Yns1 = b(y,sin26, +y, cos26,)

a new form is obtained. After rearrangement, the relativistic-like coefficient appears
as a change in the parameter b, which now becomes:

bzb 1—;
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When v = 0, the parameter b is set equal to 1. When v = ¢, then b = 0. In reality,
v < ¢ and the values of b are close to 1. However, even for small relativistic speeds,
the influence on the chaotic bulge and on the space around the bulge is quite evident.
Figure 11.12(a) illustrates the chaotic bulge and the space outside the central chaotic
space. We launch particles at x = (—1.5,—1.4,...,0) and y = 0.1. The space outside
the chaotic bulge is characterised by closed curves and islands.

A relativistic speed equal to 1000km/sec corresponds to b = 0.9999945 for the
space contraction parameter b. The influence of this change of parameter b in the
shape of the previous object is illustrated in Figure 11.12(b). First of all, we observe
that the non-chaotic lines outside the chaotic bulge disappear. On the other hand,
the lines expand, covering more space and joining each other. Over time, the space
outside the chaotic image is covered by particles that are directed towards the chaotic
bulge. The non-chaotic islands are shorter. This is more clear in Figure 11.12(c), in
which the relativistic speed is v = 2500km/ sec, corresponding to a shape contraction
parameter b = 0.999965. When v = 2760km/sec, a chaotic limit is present. The
islands in the chaotic sea are transformed into attracting regions, as illustrated in
Figure 11.12(d). The particles from the chaotic bulge are directed into these regions,
and the equilibrium points in these regions become attracting sinks.

When the relativistic speed v is between 2760km/sec and 89000km/ sec, the par-
ticles are guided to the points of attraction. However, a change in the images takes
place as the relativistic speed gets higher. This is shown in Figures 11.13(a) through
11.13(f). After the limiting speed v = 2760km/sec, symmetry breaks down. This
is very clear when v = 10000km/sec and b = 0.99944 (Figure 11.13(b)). In Fig-
ures 11.13(c) through 11.13(e), the relativistic speed takes higher values (those val-
ues being v = 20000km/sec and b = 0.99778, 50000km/sec and b = 0.9860, and
70,000km/sec and b = 0.9724 respectively), and the images take a rotation form
with three main arms and a smaller one. When v = 89, 000km/sec and b = 0.954981,
the rotating image has the form of a chaotic attractor where there are no attracting
points or sinks, and the particles are trapped in the space covered by the chaotic
attractor. The attractor is a totally non-symmetric rotation object with two main
rotation arms and a smaller one (Figure 11.13(f)). A circular disk is centred at
(x,y) = (a,0).

The chaotic attractor becomes sharper for high relativistic speeds, namely values
higher than v = 89,000km/sec, as illustrated in the following two figures. In Fig-
ure 11.14(a) the chaotic image is simulated for v = 120, 000km/sec and b = 0.9165,
whereas in Figure 11.14(b) the relativistic speed is in the upper limit for attractor
formation, at v & 170000km/sec (b = 0.8239471).

A very surprising property of the rotation-translation system is that the chaotic
image produced under the relativistic influence in large relativistic speeds is present
at the beginning of the process, when time ¢ is very small, if the area contracting
parameter b = 1. In Figures 11.15(a) through 11.15(f), illustrations of the chaotic
evolution during the first time periods appear.

The particles introduced at time ¢ = O are distributed in a small circle centred at the
origin. The radius of this circle is 7y = 0.01. At the beginning of the process, at time
t = 10, the image is similar to that appearing in Figure 11.14(b), where the relativistic
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(a) Non-relativistic rotation-translation (b) Relativistic-like rotation-translation
forv=0Mb=1) for v = 1000 (b = 0.9999945)

(c) Chaotic forms for speed v = (d) Chaotic limit at speed
2500km/ sec v = 2760km/sec

FIGURE 11.12: Chaotic forms for low relativistic speeds

239
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(a) v = 5000km/ sec (b) v = 10000km/ sec
(¢) v = 20000km/ sec (d) v = 50000km/ sec
(e) v = 70000km/ sec (f) v = 89000km/ sec

FIGURE 11.13: Relativistic rotation-translation forms for medium and high
relativistic speeds
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(a) v = 120000km/ sec (b) v = 170000km/ sec

FIGURE 11.14: Relativistic rotation-translation forms for high relativistic
speeds

speed is v = 170000km/ sec and the space contracting parameter is b = 0.8239471.
Instead a similar image is now produced at time ¢ = 10, but with parameter b = 1.
The image is totally non-symmetric. As the time ¢ increases, the chaotic images
become more symmetric, and at time + = 500 the resulting Figure 11.15(e) is a
symmetric object almost identical to the equilibrium stage image (Figure 11.15(f))
resulting when ¢t — oo.

11.6 Other Relativistic Forms

More rotation-translation relativistic objects are based on the above equation forms
but with different values for the parameters: a = 0.87, ¢ = 0.47 and d = 1.6. The
resulting relativistic forms are illustrated in Figures 11.16(a) through 11.16(d).

A rotation-translation relativistic model based on the above equation forms, with
parameters a = %, ¢ = % and d = %, provides the relativistic images presented in
Figures 11.17(a) and 11.17(b).

A rotation-translation relativistic object based on the above equation forms, with
parameters a = ¢ = d = (%, results in the relativistic forms illustrated in Fig-
ures 11.18(a) through 11.18(c).

Figure 11.18(c) illustrates a pair of galaxy-like objects formed for very high rel-
ativistic speed v = § = 100000km/sec. However, similar objects appear in the first
time periods of the same rotation-translation procedure, but for b = 1, as illustrated
in Figures 11.18(d) through 11.18(h). In this case, the original circular disk of par-
ticles has radius r = 5. Very early, at times t = 4 and ¢ = 6, a pair of two-armed
spiral galaxies appears. Later on, at time ¢ = 10, a circular arm appears, and at time

t = 20, the two spiral galaxies are connected through two connecting circular arms.
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(@t=10 (b)t=120
()t =50 (d)t =100
(e) t = 500 ()1 — oo

FIGURE 11.15: Non-relativistic chaotic images in the early period of a
rotation-translation process with b = 1
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(@v=0 (b) v = 20.000km/ sec

(¢) v = 50.000km/ sec (d) v = 100.000km/ sec

FIGURE 11.16: Other relativistic chaotic images

(a) Chaotic form for speed v = 0 (b) Chaotic form at speed
v = 30000km/ sec

FIGURE 11.17: Various relativistic chaotic forms
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(@v=0 (b) v = 60.000km/ sec

(c) v = 100.000km/ sec @r=4
©1=6 ® =10
(8)1=20 (h) r=50

FIGURE 11.18: Relativistic and initial chaotic images of a rotation-translation
process
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Even later, at time ¢ = 50, the two-armed spiral galaxies are inter-connected and start
to form the equilibrium shape that is illustrated in Figure 11.18(a).

Similar galaxy-like objects as above arise from the following set of parameters:
a=c=d-= 23—” The illustrations for b = 0.9 are quite clear, perhaps better than in
the previous case (Figure 11.19).

FIGURE 11.19: Two galaxy-like chaotic images

Three galaxy forms are illustrated in Figure 11.20(a). These forms arise from the
rotation-translation equations for » = 0.9. The other parameters are a = n for the
translation parameter and ¢ = d = « for the rotation angle parameters.

Figure 11.20(d) arises when the relativistic speed is v = 25000km/sec and b =
0.9965217. The three galaxy-like objects are already clearly formed. More clear
forms appear for higher relativistic speeds, where b = 0.99 (Figure 11.20(b)). The
equilibrium form object (b = 1) is illustrated in Figure 11.20(c).

A rotation-translation relativistic object based on the above equation forms, but
with parameters ¢ = 1.8,b = 0.9,c = 3a and d = 3a, has the relativistic forms
presented in Figure 11.21

The particles are introduced into the rotating system on the circle with radius r =
0.1 centred at (x,y) = (0,0). In Figure 11.21, this circle appears as a small dot in
the centre of coordinates. An important point of reference is (x,y) = (a,0); and it is
labelled by a cross. In the lower part of the same figure a cross indicates the point
where all the particles arrive after a sufficiently large amount of time. This is simply
the fixed point of the rotation-translation equations. An iterative procedure estimates
this point during computer simulation.

A galaxy-like object is illustrated in Figure 11.22. The rotation-translation equa-
tions and the equation for the rotation angle are the same as above. The parameter
values are a = 5.8, ¢ = 2.25,d = 2.5 and b = 0.9. The particles are originally intro-
duced in a circle with radius r = 3 and centred at the centre of coordinates (indicated
by the small cross on the left of the figure). The cluster of points on the right side of
the figure is centred at (x, y) = (a,0).
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(a)b=09 (b) b =0.99

(©b=1 (d) v = 25000(h = 0.9965217)

FIGURE 11.20: Other relativistic chaotic images

FIGURE 11.21: A relativistic chaotic image when b = 0.9
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FIGURE 11.22: A relativistic chaotic image when b = 0.9

11.7 Galactic Clusters

Figure 11.23 illustrates the simulation of a galactic cluster. Seven galaxy-like
objects appear, while the particles originated in a disk with radius R = 10. A three-
armed spiral is located in the middle, three two-armed spirals are connected to the
three-armed spiral, and three elliptical galaxies are in the outer part. The model is a
rotation-translation one expressed by the following set of equations

Xpt1 = a+ b(x,cos6, — Yn sin 6,)

Yn+1 = —a + b(x, sin 6, + y, cos 6,)

where the rotation angle has the form

d

Oy =ct+——
n x2+y2

The parameters for the simulation are a = 2.6, b = 0.98, c = 3.2r and d = 6.

FIGURE 11.23: A galactic-like cluster
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11.8 Relativistic Reflection-Translation

The reflection-translation relativistic case is similar to the rotation-translation case,
but the resulting objects are quite different. In the following, a simple example is pre-
sented. The parameter values are a = 0.2 for the translation parameter, and ¢ = 5.1
and d = 35 for the reflection parameters. The reflection angle function is

Op=c+—
2
rl’l

and the reflection-translation iterative map is given by

Xp41 = a + b(x, cos 26, + y,, sin 26,) aLn
Ynt1 = b(y, sin 26, — y, cos 26,,) ’

’ V2
b= 1—C—2

Figure 11.24(a) illustrates the simplest case, when the relativistic speed is v = 0.
A central circular chaotic bulge is present, located at (x,y) = (£,0). The rest of the
object has a mirror-image symmetry, islands are present, as well as two characteristic
points located at the solutions of (X472, yn+2) = (%n,yn). In the case of relativistic
speed, these are attracting points.

Figure 11.24(b) presents a relativistic object when the speed is much higher, v =
1000km/sec. A central chaotic bulge is present, but there are two attracting points
towards which the particles are directed, forming two rotating arms and creating the
form of a two-armed spiral galaxy. A similar case with more clear arm structure is
illustrated in Figure 11.24(c), where the relativistic speed is v = 2000km/ sec.

The reflection-translation at speed level v > 23500km/ sec has special characteris-
tics, as presented in Figure 11.24(d). The trajectories of the lower part of the plane
guide the particles to an attracting point. The trajectories in the middle part of the
plane guide the particles into the central bulge, whereas the trajectories of the upper
part of the plane guide the particles into the two attracting arms of the galactic-like
object.

where:

11.9 Rotating Disks of Particles
11.9.1 A circular rotating disk

A number of galaxy simulations are based on the idea that particles are originally
situated in a rotating disk. The simplest case is to consider a circle of some radius
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(@v=0 (b) v = 1000km/ sec

(c) v = 2000km/ sec (d) v = 23500km/ sec

FIGURE 11.24: Relativistic reflection-translation
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R (i.e. aflat disk). The particles at time ¢+ = 0 are distributed according to a cer-
tain distribution. For galaxy simulations, we assume that the collisions between the
particles are negligible. The governing force is a central force due to gravity. In the
application a cut-off radius has been used, to prevent the denominator becoming 0.

Figure 11.25(a) illustrates the rotating disk of particles in its original position. The
upper left part of the figure shows the uniform distribution generating the particles,
whereas the lower left part shows the density distribution of the distance of the par-
ticles from the centre. This density follows an inverse power law (~ 1/r¢). The
particles are placed according to a joint distribution on the polar coordinate space
(r,0), that is uniform in 6 and follows an inverse power law in r (@ > 0):

f(r,0) =cr @, 6€[0,2n], r € [ro,R] (11.8)

Then, the density of the particles on a small annulus of radius r would follow an
inverse power law (~ e,

11.9.2 The rotating ellipsoid

Another important case is that of the formation of an ellipsoidal disk of rotating
particles. In several cases, rotating bodies take the shape of a rotating ellipsoid. A
disk of particles can form an ellipsoid when external forces are present. When an
ellipsoidal disk is rotated, two-armed spirals appear. Similar to the aforementioned
circular disk formation, an ellipsoidal disk with gravitational particles is assumed to
be denser in the centre, and then the density gradually decreases from the centre to
the outer part of the ellipsoid, as illustrated in Figure 11.25(b).

(a) A rotating circular disk (b) A rotating ellipsoidal disk

FIGURE 11.25: Rotating disks



Chaos in Galaxies and Related Simulations 251

The set of equations that provide the two-dimensional ellipsoid is

X; = acos ¢,
Y; = bsin ¢, (11.9)
Zr =20

3737 -1

When the system turns by an angle of 6, from time ¢ to time ¢ + 1, the equations
become:

or:

X1 = acos(¢; + 6;)
Y1 = bsin(e; + 6;) (11.10)
Z+1 = 20

Using the trigonometric sum formulas, the following iterative formula can be ob-
tained:

a .
Xep] = x,cos@,—zytsme,

b
Y+l = —X,Sin6, + y,cos 6, (11.11)
a

2+l = 20

By setting h = s, assuming that 0 < b < a (0 < h < 1), the system (11.11) takes the
form:

1
X1 = X;co80, — }—ly, sin 6,

Yrs1 = hx;sinf, + y,cos 6, (11.12)

Zt+1 = 20

In Figure 11.26(a) a two-armed spiral galaxy is formed, based on a rotating flat
ellipsoid with eccentricity parameter # = 2 = 1. The system (11.12) is used, with

a 3
the rotation angle being
d

Vio + (301’)7

where the cut-off radius is 7o = 0.01 and the rotation parameter is d = 6.7.

The elapsed time is t = 10 time units. When ¢t = 1, the form of a two-armed
spiral results (Figure 11.26(b)). By observing the two images, it becomes clear that
the original two-armed spiral at time ¢ = 1 is transforming into a two-armed bar
formation after time ¢ = 10.

The ellipsoidal disk of particles is rotated counterclockwise. After r = 5 time units,
a two-armed spiral is present, located at the centre of coordinates (Figure 11.27(a)).
The rotation follows an angle equal to § = —%%_ whereas b = 1, resulting in an

0.001+72°
area-preserving map. A central chaotic bulge leads to two spiral arms.

0[2
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(a) A two-armed bar galaxy (¢ = 10) (b) A two-armed spiral galaxy (t = 1)

FIGURE 11.26: Two-armed galaxies

(a) A two-armed spiral galaxy (¢ = 5) (b) A two-armed spiral galaxy (t = 5)
with space contraction b = 0.9

FIGURE 11.27: Two-armed galaxies
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A similar case, but with b = 0.9, is presented in Figure 11.27(b). After time
t = 5, the original ellipsoid is smaller and the resulting two-armed spiral has a central
region resembling a bar, rather than a simple bulge. The space contraction relations
for the ellipsoid are

1
Xeel = b( X; COS 6, — E% sinH,)

Yrel = b(hx, sinf, + 1y, cos 9{) (11.13)

Z+1 = 20

11.10 Rotating Particles under Distant Attracting Masses
11.10.1 One attracting mass

We consider a number of rotating particles in a disk of radius r = 1, attracted by an
outside mass located on the x-axis, at distance 4 from the origin. The density of the
disk of the initial rotating particles follows an inverse power law as previously. The
particles rotate with the same angular velocity. The issue at hand is to explore the
shape of this disk of particles after the outside mass has exerted its influence for time
t. The attracting force is of course the gravitational force. If the rotation velocity of
the particles on the disk is very small, or equal to zero, the particles will be attracted
by the mass and will be directed to it. But, as the angular velocity is higher, a number
of particles are trapped inside the rotating disk. The distribution of these particles
inside the disk is not uniform. A central chaotic region can be seen. The paths of the
particles are chaotic in this region. The particles are trapped in this chaotic region,
and aside from their chaotic movement, they tend to keep their position in the chaotic
region. In other words the chaotic movement is responsible for a space stability, in
that the particles move chaotically in the fixed space. On the other hand, the particles
moving outside this region are following non-chaotic paths, and are mainly attracted
by the outside mass.

The rotation-attraction model results from the rotation model after a transforma-
tion that takes into account the influence of the attracting mass. The two-dimensional
equations have the form

- dh-»n 0 ing

T gy TR
g (11.14)

Y+l = y + X; Sin 9[ + Y COS 0[

((h =22+ )"
where /1 and d are parameters and the rotation angle is:
¢

= T2
(r(z) + rtz)S/2



254 Chaotic Modelling and Simulation

The cut-off radius is ro, ¢ is a rotation parameter and r, = /x> + y>. As is obvious
from (11.14), the influence of the attracting mass is expressed by the first term on the
right hand side of the relations. These terms arise by considering the gravitational
force acting on the small mass m of a rotating particle located at (x,y), from the
attracting mass M located on the x-axis at (x,y) = (h,0). Therefore the Euclidean
distance between the particle m and the mass M is

Ty = /(= x)* + y?

_ GMm

and the attracting force is

2
Fom v

where G is the gravitational constant. The acceleration of the particle therefore is:
GM

Ym = B
Tm.m)

The x-component of the acceleration is

_ 7111(h - )C) _ GM(h — X)

Tom M) Tom )
or
dh—x)
((h =22+ )"
where d = GM.
Similarly, the y-component of the acceleration is
__ymy _ GMy
7y - 7 - 3
(m,M) r(m,M)
or:
dy
Yy =

(-2 )"

In other words, the x-component of the acceleration moves the particle towards the
positive x-direction, whereas the y-component of the acceleration directs the particle
towards the centre of the rotating disk.

Figure 11.28(a) illustrates the rotating disk at time ¢ = 0, before the attracting mass
is introduced. Small circles in the periphery, at r = 1, indicate a number of rotating
particles. Figure 11.28(b) shows the effect of the introduction of an attracting mass at
distance 4 = 3 from the origin. The parameters are rop = 0.001, ¢ = 0.4 and d = 0.8,
and the elapsed time is 7 = 5.

In Figure 11.28(b), the original outer (peripheral) particles change from a circu-
lar form into an egg-shaped image. However, several particles that originated from
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(a) The rotating disk, »r = 1. Outer parti- (b) The rotating particles after time ¢ =
cles at r = 1 rotate before the attracting 5 from the introduction of the attracting
mass is introduced. mass

FIGURE 11.28: Rotating particles under the influence of an attracting mass

within the disc, with » < 1, are attracted from the mass M, escape outside the egg-
shaped form and approach the attracting mass. These particles have an energy level
higher than the escape energy level. The chaotic part of this figure is located in the
central area of the rotating disk. The particles in the chaotic region at time ¢ = 5 form
a two-armed spiral rotating image. A chaotic path of such a particle is presented in
Figure 11.29(a). The particle follows a box-like path. The elapsed time is # = 100
and the parameters are ¢ = 0.2, d = 0.3. The original position of the particle is at
(x,y) = (0.2,0.6).

Figure 11.29(b) illustrates a view of the two-armed spiral galaxy and the surround-
ing cloud at time t = 4. The original disk radius is r = 1, the cut-off radius is
ro = 0.001, and the density follows an inverse power law ( ~ 1/r°). The parameters
are ¢ = 0.567, d = 0.1, and the distance of the attracting mass is & = 3.

11.10.2 The area of the chaotic region in galaxy simulations

Computer experiments show that the chaotic region in the above simulations is
larger when the rotation velocity is higher. However, it is hard to say that the con-
struction of a chaotic area equation is possible. Another important point is that the
chaotic area changes as the time ¢ varies. If the chaotic area is stabilised after enough
time has elapsed, then we say that the stochastic area is asymprotically stable, and we
can search for possible estimation methods. One approach is to construct a multidi-
mensional graph related to the chaotic area, with the rotation velocity, the attracting
mass M and the distance of the attracting mass /& as parameters.

Such an asymptotically stable chaotic attractor is illustrated in Figure 11.30. The
circular central part and the rotating arms appear. The attracting mass M is located
at distance i = 3 to the right of the attractor, at (x,y) = (3,0). The parameters are
¢ = 0.5 and d = 1. The centre of the circular central part has moved to the right, at
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(a) A particle trapped in the chaotic re- (b) A view of the two-armed spiral galaxy
gion, that oscillates between the spiral and the surrounding cloud at time ¢ = 4
arms

FIGURE 11.29: Box-like paths of a two-armed spiral galaxy

FIGURE 11.30: An asymptotically stable chaotic attractor
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(x,y) = (0.117,0). The outer parts of the attractor extend to x ~ 0.61 to the right and
x ~ —0.52 to the left. The larger y coordinate is at y ~ 0.62, and the smaller is at
y ~ —0.57.

11.10.3 The speed of particles

There are several theories for the distribution of the speed of particles in rotating
disks. Furthermore, observations of galaxies show that the mean rotation speed in
the periphery of the disk is higher than the speed predicted from theory. This urged
astronomers to conclude the existence of non-observed mass in the galaxies, the
well-known dark matter. Every simulation based on a rotating disk of particles has
to take into account the gradual change of the particle density, an inverse power law
of ~ 1/r° seems to be acceptable, and results in a rotation velocity distribution that
is closer to the results of dark matter theory. As it is not, even nowadays, completely
clear how to find a global model for the rotating disks of particles that would be quite
close to real situations, a test of our model regarding the rotation speed is called for.

The simple assumption of a stable angular rotation speed will lead to very high
rotation speeds for large r. In the proposed models, the rotation angle is usually
equal to an inverse function of the radius r from the origin, giving a function for
the rotation speed that is close to some real situations. In the following computer
experiment, the rotation speed is estimated and presented in Figure 11.31.

The rotation disk has radius » = 2. The rotation equations (11.14) are those pre-
sented above. Estimates of the mean speed of particles at concentric areas of radius
differing by 0.1 are presented in Figure 11.31. The graph verifies the results known
from real situations. The rotation speed is initially growing and reaching an upper
limit; thereafter it gradually declines. A divergence is estimated at radius r = 0.40
and r = 0.45.

1.2

1 4
0.g
0.6 -
0.4
0.2

O . . .

FIGURE 11.31: Rotation speed vs. radius r
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11.11 Two Equal Attracting Masses in Opposite Direc-
tions

We now consider the case where the rotating particles in a disk of radius r = 1
are attracted by two equal outside masses, located on the x-axis at distances h and
—h from the origin. The density of the disk of rotating particles follows an inverse
power law, of the order 1/r", where n = 3,4,5,.... The particles rotate with the
same angular velocity. As before, we wish to explore the shape of the original disk
of particles after the outside masses have exerted their influence for time 7. The
attracting force is again the gravitational force.

The situation is in many ways similar to that of one attracting mass. If the rotation
velocity of the particles on the disk is very small, or equal to zero, the particles
on the disk will be attracted from the masses and will be separated in two parts
and directed towards the masses. On the other hand, when the angular velocity is
higher, a number of particles are trapped inside the rotating disk. The space inside
this disk is not uniform. A central chaotic region is again visible. The paths of the
particles are chaotic in this region, exhibiting the same kind of space stability as
before. The particles moving outside this region are following non-chaotic paths,
mainly influenced and attracted by the outside masses. As the two equal masses act
in opposite directions, the resulting forms will be symmetric and the galactic forms
would be two-armed spirals.

The two-mass-rotation-attraction model results from (11.14) by taking into ac-
count the influence of the two opposite attracting masses. The two-dimensional
equations have the form

Xip1 = A(h—x;) + x,co86; — y,sin 9
w1 = Al )t cost = ysinG (11.15)
Yre1 = —Ay; + x; sin 6, + y, cos 6,

where A is given by

~ d .\ d
(=22 +y»)"  (~h= 22+ )"

h and d are parameters, and the rotation angle is:

c

9[ -
(r(z) + ;",2)3/2

The cut-off radius is ry, ¢ is a rotation parameter and r, = /x> + y>.

As is clear from the above map, the influence of the attracting masses is expressed
by the term A. This term arises by considering the gravitational force acting on the
small mass m of a rotating particle located at (x,y) from the attracting masses M
located at (x,y) = (h,0) and (x,y) = (—h,0) on the x-axis, similar to the case of one
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FIGURE 11.32: Two attracting masses and the disk of rotating particles at
time =0

attracting mass. Figure 11.32 illustrates this situation at time # = 0. The attracting
masses are located on the x-axis at distances &#; = 3 and s, = —3 from the origin.

Figure 11.33(a) shows the results of the simulation. The parameters are d = GM
and i = 3. The resulting rotation-attraction form after time ¢ = 1 is a perfect sym-
metric two-armed spiral.

(a) A two-armed spiral after time 7 = 1 (b) Rotation-attraction image at t = 2

FIGURE 11.33: Rotating disks with two attracting masses

At time ¢ = 2, the two-armed spiral starts to change to a more complicated form
(Figure 11.33(b)), whereas at time ¢ = 5 the resulting form is closer to an ellipsoidal
centre with outer circular rings (Figure 11.34(a)). The asymptotically stable rotation-
attraction form for large time ¢ is illustrated in Figure 11.34(b).

Another example is related to two equal masses located on the x-axis, at h; = 3
and h, = -3, and influencing the original rotating disk of particles. The parameters
are ¢ = 2.2 and d = d; = 2. For sufficiently large time ¢, the circular rotating disk
takes the form presented in Figure 11.34(c). The centre of the circle-like central
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(a) Rotation-attraction for (b) Asymptotically stable (c) Asymptotically stable
t=5 rotation-attraction ~ when rotation-attraction over a
t > 1000 long time

FIGURE 11.34: Rotating disks with two attracting masses over a long time

disk (bulge) is at the centre of coordinates. Symmetric arms and eye-like forms are
extended close to the central disk.

11.11.1 Symmetric unequal attracting masses

In the above example the two equal attracting masses act from opposite directions
in the x-axis on the rotating disk of particles. The centre of this disk was originally
located at the centre of coordinates. In this section we examine the case where the
two masses located at (x,y) = (h = 3,0) and (x,y) = (hl = -3,0) have unequal
masses. Then, equations (11.15) still hold, where A now is:

dy dy

A= +
(h=x2+ 2y ((~h-x?+2)"

We will take those masses to be M for the first and M/4 for the second. Now, as the
opposing attracting forces are not equal, the disk of particles moves to the right and
the galaxy arms are not symmetric. In Figure 11.35(a) the parameters are ¢ = 0.5,
d; = 2 for the large mass M and d, = d, /4 for the small mass M/4. The object is a
chaotic attractor. This is the attracting space for every original point mass left in the
vicinity of the attractor and having enough time to enter the attracting space. Two
main arms appear, as well as a smaller third arm originating from the second arm.

Figure 11.35(b) illustrates the case where the parameter expressing rotation has
a higher value, ¢ = 0.8. Two non-symmetric arms appear. These are connected
to the central disk with smaller circular parts. The effect of a varying parameter ¢
is illustrated in Figures 11.35(c) and 11.35(d). The chaotic arms are larger, as the
parameter is ¢ = 1.1 in the first figure and ¢ = 2 in the second.

Another interesting point is the form that the initial disk takes at the very early
time periods. The parameters are ¢ = 2, d; = 2, d, = di/4. Attime fr = 1, a two-
armed spiral is formed (Figure 11.36(a)). The two arms are different. The larger one
is directed towards the bigger attracting mass to the right of the rotating disk, while
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(@c=05 (b)c=0.8

(c) A form of the chaotic attractor, when (d) Another form of the chaotic attractor,
c=1.1 when ¢ =2

FIGURE 11.35: Chaotic attractors in the case of two unequal symmetric
attracting masses
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the smaller is directed towards the small attracting mass to the left of the centre of
coordinates.

At time ¢ = 2, both spiral arms are directed to the big attracting mass on the right
of the coordinate centre (Figure 11.36(b)). At time ¢ = 3 a new spiral arm is added
(Figure 11.36(c)). All three arms are directed towards the big attracting mass located
on the right-hand side. At time ¢ = 4 the total number of the spiral arms is now 4
and all are directed towards the big attracting mass on the right (Figure 11.36(d)).
More complicated forms arise at times ¢t = S5, ¢t = 6 and ¢ = 8 as illustrated in
Figures 11.37(a) through 11.37(c).

(a) A two-armed spiral, £ = 1 (b) A two-armed spiral, r = 2

(c) A three-armed spiral, = 3 (d) A four-armed spiral, t = 4

FIGURE 11.36: Rotating disc at early times
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(@r=5 (b)t=6 ()r=8

FIGURE 11.37: Multi-arm images
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11.12 Two Attracting Equal Nonsymmetric Masses

We consider now the case where there are two equal attracting masses, located on
the x-axis and y-axis respectively, at equal distance /& from the origin. Once again,
the density of the disk of rotating particles follows an inverse power law. As in the
previous cases, the space inside this disk is not uniform. A central chaotic region is
again visible, and paths of the particles in this region are chaotic. As the two equal
masses act on the rotating particles from perpendicular directions, the resulting forms
must be non-symmetric, and the galactic forms would be non-symmetric two-armed

spirals.
The rotation-attraction model in this case takes the form
X1 = Aj(h—x)— Ay + x; cos 6, — y, sin 6;
Ye1 = —A1y + Ax(h — y) + x;sin 6; + y; cos 6,
where
d
((h =22 +y2)"
d
A= ———
(2 + (h— )

h and d are parameters, and the rotation angle is

Ay

c

9[ = ——F—"=
(r2+r})32

ro is the cut-off radius, ¢ is a rotation parameter and r, = {/x? + y2.

(11.16)

As is obvious from the above map, the influence of the attracting masses is ex-
pressed by terms Aj, A, respectively. These terms arise by similar considerations as
above. Figure 11.38(a) illustrates the situation at time # = 1. The distance is h = 3,

and the rotating disk radius is » = 1.5.
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(ar=1 (b) Large time ¢

FIGURE 11.38: The effect of two perpendicularly attracting masses

The two spiral arms are directed towards the attracting masses. The central bulge
has a circular form. Another circular ring outside the central bulge is the starting
point of the spiral arms. The parameters are ¢ = 1.3, d = 1 and h = 3. Two non-
symmetric spiral arms are formed for large time ¢ as presented in Figure 11.38(b).
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Questions and Exercises

1.

Show that equations (11.1) imply the following relation for the motion of a
mass m under the influence of one large mass M, with MG = 1:

% (x’2 + y’2) - % = const.

. From the relation in the previous exercise, determine the escape velocity, by

considering that for a mass to escape, its speed at r = oo should be “non-
negative.”

. Letting MG = 1 for simplicity, the equation

2
mvcyc] _ mMG _ m
2 2

r r r
gives us the velocity of a particle that moves in a circular orbit of radius r
around an attracting mass M. Use this equation, in combination with the re-
sults in the previous questions, to show that the escape velocity of a particle at
some distance from the mass, and the rotating velocity of that particle at the

same distance, are related via:

Uesc = \/zvcycl

. Consider the system

X1 = X3
Xy =x4
1
X3 = —Fxl
1
X4 = —F)Cz

where r = /x% + x%. Find the trajectories of this system in the (xi, x,) plane
when ¢ = V2. Do the same when ¢ = 1 and ¢ = 1 /2. (Use a fourth order
Runge-Kutta algorithm and initial values x; = 1, x, =0, x3 = 0 and x4 = 1.3.)

Use the translation reflection equations

X1 = a + x; cos(26,) + y, sin(26,)
Y1 = X; 8in(26;) — y; cos(26,)

to create images with outer and inner formations. The rotation angle should
have the form 6, = ¢ + d/r. One interesting choice of parameters is: a = 1,
¢ = 5.1 and d = -20, with initial values x = a and y = 0. Try other parameter
values as well.
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10.

Chaotic Modelling and Simulation

Use the parametric equations

Xx; = rycos(t)
Y = 1y sin(?)

where
ep

= 1 — ecos(t)

to obtain ellipses. Start with parameter values e = 0.5 and p = 2.

. Use the parametric equations

Xx; = rycos(try)
Y, = rysin(try)
where
ep
= ——
1 — ecos(t)

to draw trajectories in the (x;,y,) plane. Start with parameter values e = 0.5
and p = 2, and try several values for e. What do you observe?

. Draw the (x;, y,) trajectories for the iterative process:

Xre1 = 0.15 + 0.5, cos(?)

Yi+1 = 7, sin(?)
where |
rr=05-
X5y

For the Contopoulos-Bozis simulation described in Section 11.3.1, try other
values for the space contracting parameter b and observe the resulting (x;, y;)
diagrams.

Show that if particles are distributed on a disk according to the probability
density function (11.8), then the density of particles on any thin annulus at
radius r will be proportional to =~



Chapter 12

Galactic-Type Potentials and the
Hénon-Heiles System

12.1 Introduction

The work of Hénon and Heiles on galactic motion (Hénon and Heiles, 1964) is
the first complete work proving the existence of chaos in galaxy formations. From
its first appearance in the Astronomical Journal (1964), it provided considerable evi-
dence of the existence of chaotic motions in galaxies. The work by Hénon and Heiles
started as a computer experiment in order to explore the existence and applicability
of the third integral of galactic motion. Earlier, in 1956, George Contopoulos (Con-
topoulos, 1956) started a pioneering work on galactic motion and renewed the in-
terest on the third integral of motion (Contopoulos, 1960). Contopoulos explored
the box-like paths of a body in a galactic potential and found that the orbits in the
meridian plane of an axisymmetric galaxy are like Lissajous' figures (Contopoulos,
1965). Contopoulos expected the orbits to be ergodic and fill all the space inside the
energy surface (Contopoulos, 2002). Instead, he found that the orbits did not fill all
the available space, but instead filled curvilinear parallelograms, like deformed Lis-
sajous figures. According to his writings he could prove later (Contopoulos, 1960)
that such orbits can be explained qualitatively and quantitatively by a formal third
integral of motion. The work of Contopoulos and Hénon-Heiles was a result of what
we call computer experiments. This new type of experiments gave new directions
to various scientific fields, including astronomy. The computer results were some-
times surprising, and often contradicting existing theories. Contopoulos (1958) used
a computer in Stockholm Observatory in 1958, and Hénon and Heiles (1964) used a
computer at Princeton University from 1962 to 1963.

1 Lissajous curves are given in parametric form by equations that describe complex harmonic motion.
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12.2 The Hénon-Heiles System
The Hamiltonian applied by Hénon and Heiles (1964) is of the form:

1 1 243
H = E(xz +i5) + §(x2 +y? +2x%y - %) - h (12.1)

where the potential U(x, y) is

2 3
()c2 +y +2x%y - %) (12.2)

N =

Ulx,y) =
or in polar coordinates:
V(r,0) = %rz + %P sin(36)
A more general form for a potential would be:
V(r,0) = i+ ar’ + b cos(36)

The Hamiltonian for a generalised Hénon-Heiles potential is (p, = &, p, = )

1 1
H = i(pi + pj +Ax* + By*) + Dx’y - §Cy3

FIGURE 12.1: The original Hénon-Heiles (y, iy) diagram

Here, we reproduce by simulation the original figure presented in the Hénon-
Heiles paper (Figure 12.1). They estimated the paths of a particle according to the
previously mentioned Hamiltonian at an energy level E = h = 1/12, and then they
gave the (y, i) diagram when x = 0. At this low energy level mainly regular orbits
appear. At a higher energy level chaotic regions are formed.
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(a) E=1/8 (b)E=1/6

FIGURE 12.2: (y, ) diagrams for the Hénon-Heiles system

A Poincaré section at x = 0 is presented in Figure 12.2(a) for the Hénon-Heiles
model. The energy level is at E = 1/8 = 0.125. Regular and chaotic trajectories are
present. Several islands appear surrounded by the chaotic sea.

In the Hénon-Heiles Hamiltonian, the upper limit for the energy is £ = h = 1/6.
Figure 12.2(b) illustrates this case. The (y, i) diagram is almost totally chaotic. How-
ever, small islands remain inside the chaotic sea.

The Hénon-Heiles system is given by the following set of differential equations:

X=u
y=v

12.
iu=-x-2xy (123)

b=—y—x+y’
The Jacobian of this system is
J=1-4(+y)=1-47

This system results from the Hamiltonian (12.1), and the related potential (12.2)
that Hénon and Heiles chose for their famous computer experiment. The selection
of this function to express the potential in the above Hamiltonian has the advantages
that it is relatively simple but, at the same time, it gives adequate information related
to chaotic and non-chaotic paths. During those early days of computer use and the
discovery of chaotic surprises in non-linear systems, it was important to use sim-
ple non-linear functions in order to explore chaos. Many scientists of the time were
able to verify the validity of the theory and expand the results into new fields. Con-
topoulos (1960) explored a field of non-linear dynamics in a galaxy, which was later
analysed at Princeton University in 1963 by the French astronomer Michel Hénon
and his colleague Carl Heiles from the United States. The paper was published one
year later in the Astronomical Journal (Hénon and Heiles, 1964). In 1963 Lorenz’s
famous work on chaotic modelling was also published (Lorenz, 1963).
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12.3 Discrete Analogues to the Hénon-Heiles System

In this section we examine discrete analogues to the Hénon-Heiles model. Discrete
models are very important in studying chaotic systems, as they are usually simpler
than the continuous time systems and, quite often, they explore other aspects of the
chaotic system that are not present in continuous time models. The simulation of this
discrete model gives an image presented in Figure 12.3 at the energy level E = 1/12.
The parameter ¢ was set to 0.1. The discrete model is based on the following set of
equations:

Xn+l = CXp t+ Uy
Yn+l = ClYy + U
" L (12.4)
Up = —Xp — 2-xn+1yn+1
2 2
Un = —Yn = X1 T Ypa
The Jacobian of the discrete model is:
2 2
J=1+2(c =Dy +4c—D)(x2,, + 2,1

It is obvious that, when ¢ = 1, J = 1 and then the space-preserving property is sat-

X ¢ ;x

W

FIGURE 12.3: A discrete analogue to the Hénon-Heiles system (E = 1/12)

isfied. However, when c takes values less than 1, very interesting behaviour results,
as in Figure 12.3, where ¢ = 0.1. The similarities with the Hénon-Heiles system are
obvious when comparing Figure 12.3 with Figure 12.1.

Hénon and Heiles proposed and applied a different, simple, discrete model:

Yot =X+ a( yu-yy ) (12.5)

3
Yn+l = Yn — a(xn+1 - xn+1)

This model has only one parameter a. When a = 1.6, Figure 12.4(a) results
from a set of initial values (x,y). A very interesting property of model (12.5) arises
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when a = 0.1. The form presented in Figure 12.4(b) has similarities with the above
proposed more complicated discrete form of the Hénon-Heiles model.

(a)a=1.6 (b)ya=0.1 (c)a=26

FIGURE 12.4: The discrete Hénon-Heiles model

The simple model used by Hénon and Heiles has more interesting properties as is
illustrated in Figure 12.4(c). Here, a = 2.6, and the graph represents a bar-like image
with two tails. The challenge now is to apply rotation to this simple model, in order
to explore the new features of the model. The classical rotation equation is applied,
with a stable rotation angle 8 = 0.9. The graph, in this case, turns out to be a chaotic
attractor, as illustrated in Figure 12.5(a).

(a) A chaotic attractor for the discrete (b) A two-armed spiral galaxy
rotation Hénon-Heiles model

FIGURE 12.5: Discrete analogues to the Hénon-Heiles system

The graph in Figure 12.5(b), illustrating a two-armed spiral galaxy, is produced by
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using the following simple rotation model:

Xn+1 = b(x, cosa — y, sina) + x; sina

S IN

Yn+1 = b(x, sina + y, cosa) — x;, cosa

The parameter values for the simulation were a = 0.2 and b = 0.9. As the Jacobian
is J = b?, the second parameter is an area-contracting parameter.

12.4 Paths of Particles in the Hénon-Heiles System

The Hénon-Heiles system examined above also gives rise to some interesting paths
in the (x,y) plane. The paths are characterised by the level of the potential at that
stage. The form of the potential is triangular. A totally chaotic trajectory is illustrated
in Figures 12.6(a) and 12.6(b). The energy level is E = h = 1/6. This is the escape
limit, at which the equipotential triangle is drawn. All the paths of the particle are
included within the triangle. The parameters in this case were x = 0, y = 0 and
v = 0.1. The value of u, u = 0.5668627 - - -, was determined by the condition that the
energy level of Hamiltonian should be £ = h = 1/6.

(A E=1/6 (b)E=1/6

FIGURE 12.6: Chaotic paths in the Hénon-Heiles system

Figure 12.7(a) illustrates the equipotential lines for the Hénon-Heiles system. The
particle is trapped inside this space, and the paths follow ordinary or chaotic paths
depending on the energy level in each case. The limits for the potential are estimated



Galactic-Type Potentials and the Hénon-Heiles System 273

by computing the critical points of the potential function, solving the system:

ou

— =-i=x4+2xy=0
Ox

oUu

— =-j=y+x¥ -y =0
7

This system has four solutions. One is (0, 0), the point with the minimum potential.
The other three are all points of maximum potential U(x, y) = 1/6:

(x,y) = (0,1)
(xy) =( V3/2,-1/2)
(xy) = (- V3/2,-1/2)

It is, then, easy to draw the equilateral triangle with corners located at these three
coordinates for (x,y). In Figure 12.7(a), several equipotential lines are drawn. The
potential U is constrained in the interval (0, 1/6). A non-chaotic orbit is computed
and presented in Figure 12.7(b) for the energy level E = 1/12. The parameter values
for the simulation were x = 0.39581,y =0, x=u=0.1andy=v = 0.

(a) Equipotential curves (b) A non-chaotic orbit

FIGURE 12.7: The Hénon-Heiles system

12.5 Other Forms for the Hamiltonian

Several other forms for the Hamiltonian can be used in galaxy simulations. A
number of these models are based on Hamiltonians with a fourth power order po-
tential. Such a potential, presented in this section, is closer to real situations than
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FIGURE 12.8: Box-like orbits

the third power order potential of the Hénon-Heiles model. Box-like orbits, as well
as orbits of other types, arise in this case. Figure 12.8 presents the effect of rota-
tion applied to particles following box-like orbits (left image). The image on the
right represents a four-armed spiral galaxy that results when the moving particles
are rotated by using the rotation equations. As the case under discussion involves
stellar bodies, the rotation angle must be selected to follow an inverse law with re-
gards to the distance r of the particles from the centre of coordinates, as suggested in
chapter 11. In this application, the following equation is used for the rotation angle:

1
+ _—
(rp + 1)3/2
The cut-off radius is equal to ry = 0.1, the simple rotation is expressed by the first
term on the right, while the second term represents the influence of the attracting

forces on the rotating particles.
The Hamiltonian proposed here has the form:

0=1

1
H = z(u2 + Uz) + U(x,y)

where the potential U(x, y) is:
° oy oy 2.2
Uk,y) = —+ =+ ——-=——
) 2 Ty Ty Ty Y

The parameters used in the above simulation were x = 0, y = —0.25, u = 0.23 and
v =0.07.
The equations for # and & follow from the potential function, and are

—i=x+x - 2x°
—v=y—y° —2x%y

The maximum U(x,y) is achieved at x = 1/ V5 and y = V3/4/5, and it is h =
U(x,y) =1/5.
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12.6 The Simplest Form for the Hamiltonian

The simplest form for the Hamiltonian is:
LR N O S
H= E(x +y )+§(x +y)=h

where the potential
1
Utry) = 307 +57)

This gives a family of circles centred at (x,y) = (0,0) in a (x,y) diagram. The
equations for X and jj are:

It is obvious that the minimum acceptable value for the potential is 0 at (x, ) = (0, 0),
while there is no upper limit. The paths are ellipses and, in some cases, circles.
Several paths are drawn in Figure 12.9(a) (left). The starting point is at (x, y) = (1,0),
u was kept at 0, while the parameter v takes successively the values 0.1,0.2,..., 1.0.
There appear 9 ellipses and one circle for v = 1.0 in the diagram on the left. The
diagram on the right side of the same figure illustrates the shape the orbits take after
rotation with an angle:
0.1

= (0.001 + )3

The outer circle of the original diagram on the left remains a circle under the
rotation, but the ellipses gradually change shape, resulting in a two-armed spiral.
The two-armed spiral is formed at ¢+ = 1, following the original formation of the
circles and ellipses, as illustrated in Figure 12.9(a). If we follow the development
of the curves on the right side of the figures over time, we observe that there is
an anticlockwise turn of the galaxy-like object, a larger central circle, and more
distinct arms. The cases for t = 5 and ¢ = 20 are presented in Figures 12.9(b) and
Figure 12.9(c).

12.7 Gravitational Attraction

The case of a small mass m attracted by a large mass M has been widely explored.
Here, we assume that the large mass is located at the centre of coordinates, and it
remains stable. A number of particles are attracted by the large mass from their initial
position (x, y), and directed towards the mass. The particles have initial velocities
X = u and y = v at position (x,y). In this case, the energy conservation equation
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(@t=1

®d)r=5

(c)t=20

FIGURE 12.9: A simple Hamiltonian: orbits and rotation forms at various
times
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holds: | oM
_ 2, 2\ _ m
E = Em(u +v ) "
or
Wk G B E _h
2 r m_
The potential is
GM
U=-———
r

were G is the gravitational constant, and r = /x2 + y2. By assuming GM = 1, the
equations of motion are:

X=u=—

3

¥

y:i):
73

In this computer experiment, we place particles with mass m = 1 at position
(x,y) = (1,0) and initial velocities # = 0 and v in the interval (0, 1). The v = 1 case
corresponds to a circular path located at (x,y) = (0,0) and with radius » = 1. The
escape velocity is v = V2. In this case, the path is a hyperbola. When v > V2, the
particles escape to infinity. The ten paths used have velocities v = 0.1,0.2,..., 1.0.
These paths are illustrated in Figure 12.10(a) (left). The right side of Figure 12.10(a)
is the rotation image of the left side after time # = 1. The rotation angle follows the

relation:
0.5

= (0.001 + )3

The resulting shape is that of a one-armed spiral galaxy.
Another computer experiment is based on two attracting masses, located at (x, y) =
(1,0) and (x, y) = (—1,0). The Hamiltonian in this case is
1 1 E

1
H=-(+v)-——-—=—=h
2 ry r m

where r; = y/(x = 1)2 + y? and r, = +/(x + 1)® + y2. Excluding the diverging paths,
the resulting image appears in the left part of Figure 12.10(b). In the right part of the
same figure, the rotation image is illustrated after time # = 1. A two-armed spiral is

formed. The rotation angle is of the form:

o 0.1
~(0.001 + r)?

Another two-armed spiral galaxy is formed after rotation for time ¢ = 1 of the
image resulting when a moving particle is attracted by two masses located at (x, y) =
(1,0) and (x,y) = (—1,0), as in the previous case, but now with a slightly different

rotation angle:
0.5

= 0.001 + 12
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(a) A single attracting mass

(b) Two attracting masses

(c) Two attracting masses

FIGURE 12.10: Orbits and rotation forms at time ¢ = 1
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The initial parameters were x = 1.2, y = 0, v = 0 and v = 3.95. The paths are
illustrated in the left side of Figure 12.10(c), whereas in the right side the rotation
object after time ¢ = 1 is presented.

12.8 A Logarithmic Potential

A logarithmic form for the potential is used in this section to simulate some inter-
esting cases in galaxy formation. The potential has the form

U= %ln (R2 + X+ czyz)

where R is the cut-off radius and c is a parameter. Figure 12.11(a) shows a box orbit
(left). The parameters are R = 0.1, ¢ = 0.8 and the starting values are x = 0, y = 1,
u = 0.2 and v = 0. The right part of Figure 12.11(a) presents the rotation of the
box-like orbit with a rotation angle:

~ 001
~(0.001 + r)?

A chaotic orbit is illustrated in Figure 12.11(b). The parameters are R = 0.14,
¢ = 1.25 and the initial conditions are x = 0, y = 0.792121, u = 0.1 andv = 0. A
loop orbit is also possible by using the above potential. The loop avoids the centre, as
illustrated in the Figure 12.11(c), while the rotation image gives a two-armed spiral.
The parameters are R = 0.14, ¢ = 1.25 and the initial conditions are x = 0, y = 0.2,
u=0.1andv=0.

12.9 Hamiltonians with a Galactic Type Potential: The
Contopoulos System

A Hamiltonian with a “galactic type” potential was first introduced by Contopou-
los (1958, 1960) in his pioneering work on galaxies. The potential is based on the
addition of two harmonic oscillators, along with higher order terms, to give the form:

22, 2.2 2
(wlx + wyy )—exy

| =

Ulx,y) =
The resulting Hamiltonian is:

H= (u2+vz)+U(x,y)=h

N =
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(a) Box orbit

(b) Chaotic orbit

(c) Loop orbit

FIGURE 12.11: Logarithmic potential: orbits and rotation forms at time ¢ = 1
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Without loss of generality this Hamiltonian can be simplified to:?

Lo o, 12, 2 2
H—§<u +v )+§(kx +y )—exy =1/2
where k = w; /wy is the very important resonance ratio. The equations of motion are

given by:

i = —Z—Z = —k’x— ey’
ou
i):—a—yz y —2exy

FIGURE 12.12: The Contopoulos system: orbits at resonance ratio 4/1 (left)
and 2/3 (right)

Resonant orbits characterised as 4/1 (left image) and 2/3 (right image) are illus-
trated in Figure 12.12. For the case on the left, the parameters are ¢ = 0.1 and
k = wy/wy = 4/1, and the initial conditions are x = 0.2, y = 0, u = 0 and v = 0.6.
For the case on the right, the parameters are e = 0.1 and k = w;/w, = 2/3, and the
initial conditions are x = 0.1, y = 0, u = 0 and v = 0.9977753.

12.10 Another Simple Hamiltonian System

A very simple Hamiltonian system that shows interesting properties has the fol-
lowing Hamiltonian:

H=%(u2+02)+%(x2+y2)—%x2y=h

2Contopoulos (2002).
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The potential function is:

(@ +47) - 52

| =

Ulx,y) =

The equations of motion are
i=—(x—xy)

b=~y -x°/2)

A number of equipotential curves are drawn based on the equation:

Lo, n 1,
> (x +y ) 2x y=nh

The analysis of this equation gives the acceptable range 0 < & < 1/2 for h. A
heavy line with equation x = 4/1 + y represents the 2 = 1/2 equipotential curve in
Figure 12.13(a). This curve, and the line y = 1, define the space where the closed
equipotential curves are located.

Particle orbits at high energy level for this Hamiltonian system are illustrated in
Figure 12.13(b). The parameters and initial values are: 2 = 1/2 — 0.001, x = 0.97,
y =0, u =0, and v is estimated from the Hamiltonian function.

(a) Equipotential curves (b) Orbits at high energy level

FIGURE 12.13: Another simple Hamiltonian system
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Questions and Exercises

1. Consider the set of parametric equations:

x = sin(at)
y = sin(br)
(a) Draw the curve corresponding to this system when the parameters are
a=2andb=1.
(b) Determine the implicit equation for the curve in the case where a = 2
and b = 1.

(c) Examine the curves arising for other integer values of the parameters a, b.

(d) Consider the more general system:

x = sin(at + ¢)
y = sin(br)

Examine the curves arising for various integer values for a, b, and for
c=n/k,k €N.

2. Consider the system:
Xp+1 = Xp + asin(y,)
Ynil = X — aSin(Xpy1)
(a) Determine the fixed points of this system, and their stability.

(b) Compare this system to the system (12.5), and draw the characteristic
graphs of this system, especially the (x,, y,) diagrams, for various values
of the parameter a.

3. Draw the (x,y), (4,v), (x,u) and (y, v) diagrams for the discrete system (12.4)
forc =0.1.

4. Draw the (x,y), (u,v), (x,u) and (y,v) diagrams for the Henon-Heiles sys-
tem (12.3).






Chapter 13

Odds and Ends

In this chapter we collect a number of interesting systems and examples, that we
did not find an appropriate place for in the rest of this book. Topics include forced
non-linear oscillators, the effect of introducing noise in three-dimensional attractors,
and the Lotka-Volterra and pendulum systems. We close this chapter, and the book,
with five interesting attractors.

13.1 Forced Nonlinear Oscillators

The simple two-dimensional model described by the differential equations

. 2
X=—x
. 2y (13.1)
y=xy -y
gives some very simple orbits in the (x, y) plane. If a sinusoidal forcing term
f(®) =a+bcoswt

is added in the first equation, the system becomes

k= f() - xy°

) 5 (13.2)
y=xy —y
This new system can give interesting chaotic paths, as it is now three-dimensional
(x,y,1). Figure 13.1 illustrates the (x, y) diagram for this system, for parameter values
a=0.999, b =0.42 and w = 1.75. The resulting paths are chaotic in this case.

13.2 The Effect of Noise in Three-Dimensional Models

We discuss here the effect of adding noise to some of the models described in
Chapter 6, using computer simulations. Recall that the equations of the Rossler
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FIGURE 13.1: Adding a sinusoidal forcing term to a two-dimensional system

model are
X=-y—-z
y= x-—ez (13.3)
= f4+xz—-mz

A multiplicative noise is added in every parameter, according to the formula

e(l + ku,)
S+ kuy) (13.4)
=m(1 + kuy,)

e*

f*
*

m

where u,, uy and u,, are independent and uniformly distributed random variables in
the interval (—0.5,0.5), and the noise parameter is k = 3.

The parameters for the simulation were set to e = 0.2, f = 0.4 and m = 5.7.
Figure 13.2(a) illustrates the three-dimensional view of the Rossler attractor that
arises. The main influence is related to the z-axis, where the maximum speed is
achieved. A very interesting observation is that even strong noise does not affect the
general form of the attractor much. The paths on the (x, i) plane in particular show a
quite stable behaviour.

For the Lorenz model, the original equations are

X=—-sx+ sy
y=-xz+rz—y (13.5)
= xy-bz

The form of the Lorenz attractor when multiplicative noise is added is presented in

Figure 13.2(b).
In this case, the noise is generated by a logistic process of the form:

fn+1 = 4fn(1 - fn)

This logistic process, when the chaotic parameter takes the highest value (4), may
generate a uniform-like distribution, giving random numbers between zero and one.
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(a) Noise in the Rosler model (b) Noise in the Lorenz attractor (k = 20)
(three-dimensional view)

(c) Noise in the Lorenz attractor (k = 50) (d) Noise in the Lorenz attractor
(k = 150)

FIGURE 13.2: The effect of noise on three-dimensional models
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The results presented here are similar to those produced when uniform noise is used
instead.

The basic parameter values for the application were set to s = 10, b = 8/3 and
r = 28, and the noise parameter was set to k = 20. The resulting chaotic object has
a form similar to that of the Lorenz chaotic attractor. When the noise parameter & is
higher (k = 50), the resulting chaotic image retains the Lorenz attractor shape, yet,
in this case, the chaotic paths are mostly influenced by the noise term as illustrated
in Figure 13.2(c). Higher values of the noise term destroy the original shape of the
attractor as presented in Figure 13.2(d) where k = 150. At such a high noise level,
the chaotic image turns out to be a stochastic one.

13.3 The Lotka-Volterra Theory for the Growth of Two
Conflicting Populations

A special case of the Lotka-Volterra system was already discussed in section 6.2.
We expand on it somewhat in this section.

The Lotka-Volterra system concerns the predator-prey problem, a problem fre-
quently arising in ecology. Let N, be a measure of the population of a species,
which preys upon a second species whose population is measured by N;. Then the
population of N diminishes with a factor proportional to the product of the two pop-
ulations, N;N,, whereas the population of y increases with a factor proportional to
N|N,. The differential equations of growth or decline of the two populations are
therefore given by the following set of equations:

Nl = ClNl —bN1N2
. (13.6)
N> = —cN> + dN| N,

where the parameters a, b, ¢, d are positive numbers. This system may be simplified
by introducing the transformation:

C
leax

a
N2=l—7!/

The resulting system is

r=abe—a) (13.7)
y=—cly—xy)

Differentiating both equations, and eliminating y and 7, the following non-linear
differential equation for x is obtained:

2

1
i= =& 4 acx — cx + cxx — acx
X
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or

2 cx(1 —x) + acx(1 — x)

L L
X=-x
X
The equation for the phase trajectories is

dy _ _cly-—xy)
dx a(x — xy)

c(x—)fc)m(y—g):o

Integrating this equation, we obtain

or

cx—Inx)+aly—-Iny) =K

where K is the integration constant.

The limit cycles are closed curves around the equilibrium point M = (x,y) =
(1,1). This point is indicated by a small cycle in Figure 13.3. The parameters are
a = 1 and ¢ = 3. The initial values are (x,y) = (2,1). The graph on the top of
Figure 13.3 illustrates the limit cycle, whereas the (¢, x) (heavy line) and the (¢, y)
(light line) graphs are presented in the lower part of the same figure.

FIGURE 13.3: The Lotka-Volterra system: limit cycle (upper image) and (¢, x)
(heavy line) and the (7, y) (light line) graphs

The phase trajectories (x, y) for the Lotka-Volterra system are illustrated in Fig-
ure 13.4(a). The parameters are a = 1 and ¢ = 3. Figure 13.4(b) illustrates the
(x, x) diagram (closed curve) and the (z, x) oscillations after a numerical solution of
the non-linear second order differential equation for x presented above as a solution
of the Lotka-Volterra system. The same parameter values (a = 1 and ¢ = 3) and
starting values for x and y are selected as in the previous case (x = 2 and y = 1). The
resulting oscillations for x are precisely the same as in the previous case as it was ex-
pected. Similar results can be obtained after a numerical solution of the differential
equation for y.
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(a) (x, y) phase trajectories (@ = 1, ¢ = 3) (b) (x, x) diagram (closed curve) and the
(t, x) oscillations

FIGURE 13.4: The Lotka-Volterra system

13.4 The Pendulum

Numerous applications and advances in the study of non-linear functions originate
from the pendulum differential equations. The differential equation expressing the
vibrations of the pendulum is of the form

2

3729 - —%sin@ (13.8)
where g is the gravitation constant, L is the length of the pendulum and 6 is the angle
between the position of the pendulum and the vertical direction.

When the displacement of the pendulum from the equilibrium position is small,
then the angle 6 is small and sin 6 may be approximated by 6. Consequently, (13.8)
may be replaced with a simpler equation, expressing the behaviour for small ampli-
tudes of the pendulum, that is

d’e g
ar L
Considering that sinf = 7 and 6 ~ sin#6, the pendulum equation for § may be

replaced by a differential equation for the displacement x during time of the form

d’x g

_— = =X

dr? L?
or ,

dx

@ +k‘x=0
where k = g.



Odds and Ends 291

This is the classical equation expressing simple harmonic oscillations. It can be
solved explicitly, and the general solution has the form

x = Acoskt + Bsinkt

or
x = Ccos (kt — D)

where A, B, C and D are constants.

The simulation of the pendulum equation is also possible by applying numerical
techniques. The second order differential equation is transformed to a system of two
first order differential equations of the form

do

pri S
df
dr

(13.9)
=_9 sin @
L

Then, the Runge-Kutta method will provide numerical solutions to the system.
The position of the pendulum in a Cartesian coordinate system is located by using
the expressions x = Lsinf and y = L cos 6. Figure 13.5 illustrates the movements of
the pendulum when the starting angle is 6 = 7. The time variation of the horizontal
displacement x is given in the lower part of the figure. The classical sinusoidal form
appears.

FIGURE 13.5: The pendulum and the (¢, x) oscillations

Equation (13.8) can actually be integrated to give a first integral satisfying
de 2g
— = /= Vcos — cosw
dt L
where w is the angle of maximum displacement of the pendulum from its equilibrium

position. Figure 13.5 may also be obtained by using this formula. The final solution
is given by means of elliptic integrals.
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13.5 A Special Second-Order Differential Equation

Figure 13.6 illustrates the (y, i) diagram of the second order differential equation
j=y -1 (13.10)

Two equilibrium points are found. One in (y,y) = (1,0), which is unstable, and
another is (y,y) = (—1,0), which is stable. The closed-loop curves appear around
this stable fixed point. The limiting curve passes through the unstable point and the

point (y, i) = (-2,0).

FIGURE 13.6: The (y, i) curves of a special second order differential equation
system

Integration of (13.10) results in the first order differential equation

2
g2=§y3—2y+c

where c is the integration constant.

13.6 Other Patterns and Chaotic Forms

This section is a smorgasbord of chaotic attractors that are particularly interesting,
but that we don’t analyse in greater detail. By using the rotation formula with b = 1
and an equation for the rotation angle which takes into account a parallel movement
of the coordinates equal to s = 4.1 according to the relation

d
T (=9 + (-9

0[:
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a formation like the outer parts of a super-nova explosion appears (Figure 13.7). It
can also be thought of as an artistic drawing presenting five dolphins in a circle. The
parameters are ¢ = 2.8 and d = 13.

FIGURE 13.7: The dolphin attractor

A graph simulating a top-down view of a ship is shown in Figure 13.8(a). It is
based on a set of rotation equations of the form

|
X41 = —a—(x; —a)cosf + —y,sin6
Ty

Yir1 = —VtXtSing_yICOSG (1311)

= \/0.5 (xt2 +4x + 4%2)

The symmetry axis is located at x = %a(cos@ — 1). The parameters are § = 2 and
a=238.

A rather startling attractor that simulates a signature is based on the following set
of difference equations.

X1 = X;coS 6, —y,sin6; + 1 — 0.8x,z;

Y+v1 = Xt Sin 9[ + Y Ccos 0[
Z42 = 142441 + 0.3z,(1 - z¢) (13.12)
1
0; = 5.5 -

2 2 2
AR ty +z

A two-dimensional (x, y)-view of the simulation results appears in Figure 13.8(b).
The Ushiki model (see Ushiki, 1982) gives a form of two separated attractors (see
Figure 13.9(a)) for parameter values a = 3.64,b = 3.1,¢c = 0.1,d = 0.35. The
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//
. .x."
L
N
(a) A pattern of a ship (b) The signature attractor
FIGURE 13.8: The ship and signature attractors
equations of the model are:
X1 = (@ = X = by)x;
’ (13.13)
Yre1 = (€ = yr — dx)y,
-—
% ]
4 i
(a) The Ushiki attractor with (b) The Ushiki attractor with (c) The Tinkerbell attractor

two objects four objects

FIGURE 13.9: The Ushiki and Tinkerbell attractors

A four-object attractor is obtained when the parameters take the valuesa = 3.6, b =
3.2,¢ =0.04 and d = 0.4 (Figure 13.9(b)).
The Tinkerbell model’s iterations form six chaotic attractors (Figure 13.9(c)). The
model is based on the following set of equations
Xip] = x,2 - ytz +0.91x, — 0.6y,

(13.14)
Yer1 = 2X:Ys + 2.5,
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Questions and Exercises

1. Consider the following simple three-dimensional system of Lotka-Volterra

type:
X =a(x — xyz)

y = b(-y + xyz)
7 =c(z - xyz)

Find the equilibrium points and the type of stability.
2. Find the line of symmetry of the ship attractor.

3. Consider the difference delay equation:
Znv2 = azn + 1+ bzy(1 = z,)

Study this equation by finding equilibrium points, exploring chaotic behaviour
and drawing the related graphs and bifurcation diagrams for specific values of
the parameters a and b.

4. Find the equilibrium points of the Ushiki attractor.

5. Find the equilibrium points of the Tinkerbell attractor.






Chapter 14

Milestones

It is fascinating and very instructive for any scientific field to examine the history
and milestones that were the basis for the establishment and advancement of the
field. Some researchers were lucky to publish and disseminate their findings to a
broad audience. Others circulated their research only to a small number of friends
and colleagues. And sometimes new findings came too early to be accepted by the
scientific community.

During the preparation of any work an extensive bibliography is used, both directly
and indirectly, by influencing the approach and direction of the research. This work
was no exception. We hope the extensive bibliography, presented in the references
section, will help the reader become more acquainted with the fascinating fields of
chaotic modelling and simulation, and their historical development.

The table that follows presents an account of the ground-breaking steps in the
development of chaotic modelling and simulation, as it is perceived in our days,
through the accounts included in various books and papers. Papers written after
1980 are not included, and very few works published in the seventies appear. We
have tried to emphasise those scientific works that are considered “classical,” along
with papers and books that described chaotic phenomena or proposed theoretical or
mathematical tools that triggered the future development of the chaotic field.

Year Name Title of Publication
1798 T. Malthus An essay on the principle of population
1823 M. Faraday On a peculiar class of acoustical figures, and on cer-

tain forms assumed by groups of particles upon vi-
brating elastic surfaces

1825 B. Gompertz On the nature of the function expressing of the law
of human mortality
1859 P. Riess Das Anblasen offener Rohre durch eine Flamme
— P.L.Rijke Notiz iiber eine neue Art, die in einer an beiden En-

den offenen Rohre enthaltene Luft in Schwingungen
zu versetzen

1883 G. Cantor Uber unendliche, lineare Punktmannigfaltigkeiten

—  Lord Rayleigh On maintained vibrations
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Year Name Title of Publication
—  Lord Rayleigh On the crispations of fluid resting upon a vibrating
support
1887 Lord Rayleigh On the maintenance of vibrations by forces of dou-
ble frequency, and on the propagation of waves
through a medium endowed with a period structure
1889 S. Kowalevskaya  Sur le probleme de la rotation d’un corps solide au-
tour d’un point fixe
—  S.Kowalevskaya  Sur une propriété du systetme d’équations
différentielles qui définit la rotation d’un corps
solide autour d’un point fixe
1890 H. Poincaré Mémoire sur les courbes définies par les équations
différentielles I-VI, Oeuvre I
—  H. Poincaré Sur les équations de la dynamique et le probleme de
trois corps
1891 Lord Rayleigh On the problem of random vibrations, and of random
flights in one, two, or three dimensions
1892 M. A. Lyapunov Probleme général de la stabilit¢ du mouvement,
(1907 translation from the 1892 Russian original)
—  H. Poincaré Les méthodes nouvelles de 1a mécanique céleste
1898 J. Hadamard Les surfaces a courbures opposées et leurs lignes
géodésiques
1899 H. Poincaré Les méthodes nouvelles de la mécanique céleste
1905 H. Poincaré Lecons de mécanique
1908 H. Poincaré Science et methode
1910 A.Lotka Zur Theorie der periodischen Raktionen
1918 G. Duffing Erzwungene Schwingungen bei verdnderlicher
Eigenfrequenz
—  G.Julia Mémoire sur I’itération des fonctions rationelles
1919 F. Hausdorff Dimension und dufleres Maf3
— P Fatou Sur les équations fonctionelles
1920 P. Fatou Sur les équations fonctionelles
1923 M. H. Dulac Sur les cycles limites
— FE C.Ritt Permutable rational functions
1926 P. Fatou Sur I’itération des fonctions transcendentes entiéres
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Title of Publication

1927

1927
1932

1934
1935

1936
1937

1942
1942

1942
1943
1944
1945

1947
1948

1949

1951

B. van der Pol

B. van der Pol and
J. van der Mark
G. D. Birkhoff

G. D. Birkhoff
A. Denjoy

G. F. Gause
G. D. Birkhoff
P. O. Pedersen

A. N. Kolmogorov
R. A. Fisher

A. Kolmogorov et
al.

J. L. Doob
E. Hopf

A. Kolmogorov
S. Chandrasekhar
L. D. Landau

M. L. Cartwright
and J. E. Little-
wood

S. O. Rice

M. Kac
E. Hopf

M. L. Cartwright

C. E. Shannon and
W. Weaver
G. H. Markstein

Forced oscillations in a circuit with non-linear
resistance

Frequency demultiplication

Sur le probléme restreint des trois corps
Sur I’existence de régions d’instabilitée dynamique

Sur les courbes définies par les équations
différentielles a la surface du tore

The struggle for existence
Sur le probléme restreint des trois corps

Subharmonics in forced oscillations in dissipative
systems

Sulla teoria di Volterra della lotta per I’esistenza
The wave of advance of advantageous genes

Etude de I’équation de la diffusion avec croissance
de la quantitéde matiere et son application a un
probléme biologique

The Brownian movement and stochastic equations

Abzweigung einer periodischen Lésung von einer
stationdren Losung eines Differentialsystems

Interpolation and extrapolation of stationary series
Stochastic problems in physics and astronomy
On the problem of turbulence

On nonlinear differential equations of the second
order

Mathematical analysis of random noise
Random walk and the theory of Brownian motion

A mathematical example displaying features of
turbulence

Forced oscillations in nearly sinusoidal systems

The mathematical theory of information

Experimental and theoretical studies of flame-front
stability
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Year Name Title of Publication
1952 A. L. Hodgkin and A quantitative description of membrane current and
A. F. Huxley its application to conduction and excitation in nerve
— A.L. Hodgkin and Current carried by sodium and potassium ions
A. F. Huxley through the membrane of the giant axon of loligo
1953 N. Metropolis et al. Equations of state calculations by fast computing
machine
1954 A.N. Kolmogorov Preservation of conditionally periodic movements
with small change in the Hamiltonian function
1956 W. Feller An introduction to probability theory and its
applications
1956 R. E. Kalman Nonlinear aspects of sample data control systems
—  P.Landberg Vibrations caused by chip formation
— E.N.Lorenz Empirical orthonogal functions and statistical
weather prediction
—  G. Contopoulos On the isophotes of ellipsoidal nebulae
1958 A.N. Kolmogorov A new invariant of transitive dynamical systems
—  P.J. Myrberg Iteration der reellen Polynome zweiten Grades
—  G. Contopoulos On the vertical motions of stars in a galaxy
1959 N. N. Leonov Transformations d’une droite en elle-meme
— A.Rényi On the dimension and entropy of probability
distributions
1960 R. E. Kalman A new approach to linear filtering and prediction
problems
— N.N. Leonov Transformation ponctuelle d’une droite en elle-
meme discontinue, linéaire par morceaux
— N.N. Leonov Théorie des transformations discontinues d’une
droite en elle-meme
—  G. Contopoulos A third integral of motion in a galaxy
1961 R. A. FitzHugh Impulses and physiological states in theoretical
models of nerve membrane
1962 P.J. Myrberg Sur I’itération des polynomes réels quadratiques
— J. Nagumo et al. An active pulse transmission line simulating nerve
axon
1963 E. N. Lorenz Deterministic nonperiodic flow

B. Mandelbrot

The variation of certain speculative prices
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Year Name Title of Publication
1964 E.N. Lorenz The problem of deducing the climate from the gov-

1967

1967

1968

1969

1976

M. Hénon and C.
Heiles

A. N. Sarkovskii

G.  Contopoulos
and G. Bozis
D. Coles

A. N. Kolmogorov

J. R. Pasta et al.
L. P. Shilnikov

G. Contopoulos

H. Degn

B. Mandelbrot
L. P. Shilnikov
L. P. Shilnikov

M. Kuczma

I. Prigogine and R.
Lefever

R. FitzZHugh

M. Hénon

E. N. Lorenz

I. Prigogine et al.

O. E. Rossler

erning equations

The applicability of the third integral of motion:
Some numerical experiments

Coexistence of cycles of a continuous map of a line
into itself

Escape of stars during the collision of two galaxies

Transition in circular couette flow

Three approaches to the quantitative definition of
information

Studies on nonlinear problems

A case of the existence of a countable number of
periodic motions

Periodic and tube orbits

Effect of bromine derivatives of malonic acid on the
oscillating reaction of malonic acid, cerium ions and
bromate

The variation of some other speculative prices
On the Poincaré-Birkhoff problem

The existence of a denumerable set of periodic
motions in four-dimensional space in an extended
neighbourhood of a saddle-focus

Functional equations in a single variable
Symmetry breaking instabilities in dissipative sys-
tems. II

Mathematical models of excitation and propagation
in nerve and muscle

Numerical
mappings

study of quadratic area-preserving

Atmospheric predictability as revealed by naturally
occurring analogies
Symmetry breaking instabilities
systems

in biological

Chaotic behavior in simple reaction systems
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Year Name Title of Publication
—  O.E.Rossler Chemical turbulence: Chaos in a simple reaction-
diffusion system
— O.E.Rossler Different types of chaos in two simple differential
equations
1978 M. J. Feigenbaum Quantitative universality for a class of nonlinear
transformations
1979 M. J. Feigenbaum The universal metric properties of nonlinear
transformations
— O.E.Rossler An equation for hyperchaos
— O.E.Réssler Continuous chaos — four prototype equations
— K. Ikeda Multiple-valued stationary state and its instability of
the transmitted light by a ring cavity system
1980 K. Ikeda et al. Optical turbulence: Chaotic behaviour of transmit-

ted light from a ring cavity
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